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Pr♦♣♦s✐t✐♦♥ ❞❡ ❝♦rr✐❣é ♣❛r ❉❛✈✐❞ ▼❡♥❡✉

▲②❝é❡ ❈❤❛♠♣♦❧❧✐♦♥ ✲ ●r❡♥♦❜❧❡✱ ♣♦✉r

❊❳❊❘❈■❈❊ ✶

P♦✉r x ∈]0 ; +∞[✱ ♦♥ ♣♦s❡ ✿ f(x) =
e−x

x
✳

❖♥ ❝♦♥s✐❞èr❡ ❧❛ s✉✐t❡ (un)n∈N ❞é✜♥✐❡ ♣❛r u0 = 1 ❡t ♣❛r ❧❛ r❡❧❛t✐♦♥ ❞❡ ré❝✉rr❡♥❝❡ ✿ ∀n ∈ N, un+1 = f(un)✳

✶✳ ❛✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st ❞ér✐✈❛❜❧❡ s✉r ]0 ; +∞[ ❝♦♠♠❡ q✉♦t✐❡♥t ❞❡ ❢♦♥❝t✐♦♥s q✉✐ ❧❡ s♦♥t✱ ❡t ✿

∀x ∈]0 ; +∞[, f ′(x) =
−e−x × x− e−x × 1

x2
= −e−x(x+ 1)

x2
.

P♦✉r t♦✉t x ∈]0 ; +∞[✱ x+1 > 0✱ x2 > 0 ❡t e−x > 0 ❞♦♥❝ f ′(x) < 0 ✿ ❧❛ ❢♦♥❝t✐♦♥ f ❡st str✐❝t❡♠❡♥t
❞é❝r♦✐ss❛♥t❡ s✉r ]0 ; +∞[✳

❈❛❧❝✉❧ ❞❡s ❧✐♠✐t❡s ✿

lim
x→+∞

e−x lim
x→+∞

1

ex
= 0 ❞♦♥❝ lim

x→+∞

e−x

x
= 0✳

lim
x→0+

e−x = e0 = 1 ♣❛r ❝♦♥t✐♥✉✐té ❞❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ s✉r R✱ ❞♦♥❝ lim
x→0+

e−x

x
= +∞✳

❜✮ ▼♦♥tr♦♥s ♣❛r ré❝✉rr❡♥❝❡ q✉❡ ❧❛ ♣r♦♣r✐été P(n) : ”un ❡st ❜✐❡♥ ❞é✜♥✐ ❡t un > 0”✱ ❡st ✈r❛✐ ♣♦✉r t♦✉t
n ∈ N✳

■✳ u0 = 1 ❡st ❞é✜♥✐ ♣❛r ❧✬é♥♦♥❝é✱ ❞♦♥❝ P(0) ❡st ✈r❛✐❡✳
❍✳ ❙✉♣♣♦s♦♥s P(n) ✈r❛✐❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ n ∈ N✱ ❡t ♠♦♥tr♦♥s q✉✬❛❧♦rs P(n+1) ❡st ❡♥❝♦r❡ ✈r❛✐❡✳
❖♥ ❛ s✉♣♣♦sé ✭❍✳❘✳✮ q✉❡ un ❡st ❜✐❡♥ ❞é✜♥✐ ❡t un > 0✱ ❞♦♥❝ e−un ❡st ❜✐❡♥ ❞é✜♥✐ ❡t e−un > 0 ♣❛r
str✐❝t❡ ♣♦s✐t✐✈✐té ❞❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ s✉r R✳

P❛r q✉♦t✐❡♥t ❞❡ ❞❡✉① ré❡❧s str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✱ un+1 =
e−un

un

❡st ❜✐❡♥ ❞é✜♥✐ ❡t str✐❝t❡♠❡♥t ♣♦s✐t✐❢✱

❞♦♥❝ P(n+ 1) ❡st ✈r❛✐ s✐ P(n) ❧✬❡st✳
❈✳ ▲❛ ♣r♦♣r✐été ❡st ✐♥✐t✐❛❧✐sé❡ ❡t ❤éré❞✐t❛✐r❡ ✿ ❡❧❧❡ ❡st ❞♦♥❝ ✈r❛✐❡ ♣♦✉r t♦✉t n ∈ N✱ ❞✬❛♣rès ❧❡
♣r✐♥❝✐♣❡ ❞❡ ré❝✉rr❡♥❝❡✳
❆✐♥s✐✱ ♣♦✉r t♦✉t n ∈ N, un ❡st ❜✐❡♥ ❞é✜♥✐ ❡t un > 0✳

✷✳ ■♥❢♦r♠❛t✐q✉❡✳

❛✮ ▲❛ ❢♦♥❝t✐♦♥ ❝❤❡r❝❤❡ à ❝❛❧❝✉❧❡r ❧❡ ♣❧✉s ♣❡t✐t ❡♥t✐❡r n t❡❧ q✉❡ un > a ✭s♦✉s rés❡r✈❡ q✉✬✐❧ ❡①✐st❡✮✱ ❞♦♥❝
♦♥ ❝❛❧❝✉❧❡ ❧❡s t❡r♠❡s s✉❝❝❡ss✐❢s ❞❡ ❧❛ s✉✐t❡ t❛♥t q✉✬❛✉ ❝♦♥tr❛✐r❡✱ un 6 a✳

❞❡❢ ❢♦♥❝❴✶✭❛✮✿

❢r♦♠ ♥✉♠♣② ✐♠♣♦rt ❡①♣

✉ ❂ ✶

♥ ❂ ✵

✇❤✐❧❡ ✉ ❁❂ ❛ ✿

✉ ❂ ❡①♣✭✲✉✮✴✉

♥ ❂ ♥✰✶

r❡t✉r♥ ♥

✶ ➞



❜✮ ▲❛ ❢♦♥❝t✐♦♥ P②t❤♦♥ s✉✐✈❛♥t❡ ❛ été ❝♦rr✐❣é❡ ♣❛r r❛♣♣♦rt à ❝❡❧❧❡ ❞❡ ❧✬é♥♦♥❝é q✉✐ ❝♦♥t✐❡♥t ✉♥❡ ❡rr❡✉r ✿
❧✬✐♥é❣❛❧✐té ❞❡ ❧❛ ❜♦✉❝❧❡ ✇❤✐❧❡ ét❛✐t ❞❛♥s ❧❡ ▼❛✉✈❛✐s s❡♥s ✦ → ♣♦✉r s✬❡♥ ❝♦♥✈❛✐♥❝r❡ ♦♥ ♣♦✉rr❛ ❛❧❧❡r
❧✐r❡ ❞❡ s✉❥❡t ❊❞❤❡❝ ❊❈❙ ✷✵✶✻ ❞❛♥s ❧❡q✉❡❧ ❧✬❡rr❡✉r ♥✬❛ ♣❛s été ❝♦♠♠✐s❡✳✳✳

❞❡❢ ❢♦♥❝❴✷✭❛✮✿

❢r♦♠ ♥✉♠♣② ✐♠♣♦rt ❡①♣

✉ ❂ ✶

♥ ❂ ✵

✇❤✐❧❡ ✉ ❃ ❛ ✿

✉ ❂ ❡①♣✭✲✉✮✴✉

♥ ❂ ♥✰✶

r❡t✉r♥ ♥

▲❡s ❛♣♣❡❧s ❢♦♥❝❴✶✭✶✵✯✯✻✮ ❡t ❢♦♥❝❴✷✭✶✵✯✯✭✲✻✮✮ ❞♦♥♥❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ✻ ❡t ✺ ✿ ❝❡❧❛ s✐❣♥✐✜❡
q✉❡ u6 > 106 ✭❡t q✉❡ ❝✬❡st ❧❡ ♣r❡♠✐❡r t❡r♠❡ q✉✐ ✈ér✐✜❡ ❝❡❧❛✮ ❡t q✉❡ u5 <= 10−6 ✭❡t q✉❡ ❝✬❡st ❧❡
♣r❡♠✐❡r t❡r♠❡ q✉✐ ❛ ❝❡tt❡ ♣r♦♣r✐été✮✳

❚♦✉t ❝❡❝✐ ♣❧❛✐❞❡ ❡♥ ❞é❢❛✈❡✉r ❞✬✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ s✉✐t❡ (un) ✿ ♦♥ ♣❡✉t ❞é❥à ✐♠❛❣✐♥❡r q✉❡ ❧❛
s✉✐t❡ (u2n) ❞❡s t❡r♠❡s ❞❡ r❛♥❣s ♣❛✐rs ❞❡ ❧❛ s✉✐t❡ ❞✐✈❡r❣❡ ✈❡rs +∞✱ t❛♥❞✐s q✉❡ ❧❛ s✉✐t❡ ❞❡s t❡r♠❡s
❞❡ r❛♥❣s ✐♠♣❛✐rs (u2n+1) ❝♦♥✈❡r❣❡ ✈❡rs ✵✱ ❝❡ q✉✐ ❛ss✉r❡r❛ q✉❡ ❧❛ s✉✐t❡ (un)n∈N ❞✐✈❡r❣❡✳

❝✮ P❛s ❞❡ ❜♦✉❝❧❡ ✇❤✐❧❡ ❞❛♥s ❝❡tt❡ ❢♦♥❝t✐♦♥✱ ✉♥❡ s✐♠♣❧❡ ❜♦✉❝❧❡ ❢♦r s✉✣t ✿

❞❡❢ s✉✐t❡✭♥✮✿

❢r♦♠ ♥✉♠♣② ✐♠♣♦rt ❡①♣

✉ ❂ ✶

❢♦r ♥ ✐♥ r❛♥❣❡✭✶✱♥✰✶✮✿

✉ ❂ ❡①♣✭✲✉✮✴✉

r❡t✉r♥ ✉

✸✳ P♦✉r x ∈]0 ; +∞[✱ ♦♥ ♣♦s❡ g(x) = e−x − x2✳

❛✮ ▲❛ ❢♦♥❝t✐♦♥ g ❡st ❞ér✐✈❛❜❧❡ s✉r [0 ; +∞[ ❝♦♠♠❡ s♦♠♠❡ ❞❡ ❢♦♥❝t✐♦♥s q✉✐ ❧❡ s♦♥t✱
❡t ✿ ∀x ∈ [0 ; +∞[, g′(x) = −e−x − 2x < 0✱ ❞♦♥❝ g ❡st str✐❝t❡♠❡♥t ❞é❝r♦✐ss❛♥t❡ s✉r [0 ; +∞[✳

lim
x→+∞

e−x = 0 ❞♦♥❝ lim
x→+∞

g(x) = lim
x→+∞

e−x − x2 = −∞ ❡t g(0) = e0 − 02 = 1✳

▲❛ ❢♦♥❝t✐♦♥ g ❡st ❝♦♥t✐♥✉❡ ✲ ❝❛r ❞ér✐✈❛❜❧❡ ✲ ❡t str✐❝t❡♠❡♥t ❞é❝r♦✐ss❛♥t❡ s✉r [0 ; +∞[ ✿
❞✬❛♣rès ❧❡ t❤é♦rè♠❡ é♣♦♥②♠❡✱ ❡❧❧❡ ré❛❧✐s❡ ❞♦♥❝ ✉♥❡ ❜✐❥❡❝t✐♦♥ ❞❡ [0 ; +∞[ ❞❛♥s
❧✬✐♥t❡r✈❛❧❧❡✲✐♠❛❣❡ ] lim

x→+∞

g(x) ; g(0)] =]−∞ ; 1]✳

❜✮ ❈♦♠♠❡ ✵ ❛♣♣❛rt✐❡♥t à ❧✬✐♥t❡r✈❛❧❧❡✲✐♠❛❣❡ ♣ré❝é❞❡♥t✱ ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛ ❜✐❥❡❝t✐♦♥ ❛ss✉r❡ q✉❡ ❧✬éq✉❛✲
t✐♦♥ g(x) = 0 ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ α ❞❛♥s [0 ; +∞[✱ s❡✉❧ ré❡❧ ♣♦s✐t✐❢✱ ♥♦♥ ♥✉❧
✭❝❛r g(0) = 1 6= 0✮✱ q✉✐ ✈ér✐✜❡ ❧✬é❣❛❧✐té ✿

g(α) = 0 ⇐⇒ e−α = α2 ⇐⇒ e−α

α
= α ⇐⇒ f(α) = α.

P❛r éq✉✐✈❛❧❡♥❝❡s✱ ❧✬éq✉❛t✐♦♥ f(x) = x ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣♦s✐t✐✈❡ α✳

❝✮ ❖♥ ♣❛ss❡ ♣❛r ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞✬✐♠❛❣❡s ✿

g
(1

e

)

= e−1/e − 1

e2
= e−1/e − e−2 ❡t g(1) = e−1 − 1 =

1

e
− 1.

❈♦♠♠❡ 3 > e > 2✱ ❛❧♦rs −1
e
> −1

2
> −2✱ ❞♦♥❝ e−1/e > e−2 ❡t g

(

1
e

)

> 0✳
P❛r ❝♦♥tr❡✱ 1

e
< 1 ❡t g(1) = 1

e
− 1 < 0✱ ❞♦♥❝ ✿

g
(

1
e

)

> g(α) = 0 > g(1) ⇐⇒ 1

e
< α < 1 ♣❛r str✐❝t❡ ❞é❝r♦✐ss❛♥❝❡ ❞❡ g s✉r [0 ; +∞[✳

✷ ➞



✹✳ ❛✮ ❉✬❛♣rès ❧❛ r❡❧❛t✐♦♥ ❞❡ ré❝✉rr❡♥❝❡ q✉✐ ❞é✜♥✐t ❧❛ s✉✐t❡ (un) ✿

u1 = f(u0) = f(1) =
e−1

1
= e−1 ❡t u2 = f(u1) =

e−e−1

e−1
= e1−

1
e

❖r ❝♦♠♠❡ ♦♥ ❧✬❛ ❞é❥à ✈✉✱ 1− 1
e
> 0 ❞♦♥❝ e1−

1
e > e0✱ s♦✐t u2 > u0✳

❜✮ ▲❡ ♣❧✉s s✐♠♣❧❡ ✐❝✐ ❡st ❞❡ r❛✐s♦♥♥❡r ♣❛r ré❝✉rr❡♥❝❡✱ ❡♥ ♠♦♥tr❛♥t q✉❡ P(n) : ”u2n+2 > u2n”✱ ❡st
✈r❛✐❡ ♣♦✉r t♦✉t n ∈ N✳

■✳ ❖♥ ✈✐❡♥t ❞❡ ✈♦✐r q✉❡ u2 > u0✱ ❞♦♥❝ P(0) ❡st ✈r❛✐❡✳
❍✳ ❙✉♣♣♦s♦♥s P(n) ✈r❛✐❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ n ∈ N

∗✱ ❡t ♠♦♥tr♦♥s q✉✬❛❧♦rs P(n+1) ❡st ❡♥❝♦r❡ ✈r❛✐❡✱
s♦✐t ✿ u2n+4 > u2n+2✳
✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✕
❖♥ ❛ s✉♣♣♦sé ✭❍✳❘✳✮ q✉❡ ✿ u2n+2 > u2n✱ ❞♦♥❝ ♣❛r ❞é❝r♦✐ss❛♥❝❡ str✐❝t❡ ❞❡ f s✉r ]0 ; +∞[✱ ♦♥ ❡♥
❞é❞✉✐t s✉❝❝❡ss✐✈❡♠❡♥t ✿

f(u2n+2) < f(u2n) ⇐⇒ u2n+1 < u2n+3, ♣✉✐s f(u2n+3) > f(u2n+1) ⇐⇒ u2n+4 > u2n+2,

❞♦♥❝ P(n+ 1) ❡st ✈r❛✐❡ s✐ P(n) ❧✬❡st✳
❈✳ ▲❛ ♣r♦♣r✐été ❡st ✐♥✐t✐❛❧✐sé❡ ❡t ❤éré❞✐t❛✐r❡ ✿ ❡❧❧❡ ❡st ❞♦♥❝ ✈r❛✐❡ ♣♦✉r t♦✉t n ∈ N✱ ❞✬❛♣rès ❧❡
♣r✐♥❝✐♣❡ ❞❡ ré❝✉rr❡♥❝❡✳

❆✐♥s✐ ✿ ∀n ∈ N, u2n+2 > u2n✱ ❡t ❧❛ s✉✐t❡ (u2n) ❡st ❜✐❡♥ ✭str✐❝t❡♠❡♥t✮ ❝r♦✐ss❛♥t❡✳

❝✮ ▲✬❤éré❞✐té ❞❡ ❧❛ ré❝✉rr❡♥❝❡ ♣ré❝é❞❡♥t❡ ❛ ❢❛✐t ❛♣♣❛r❛îtr❡ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞és♦r♠❛✐s ✈r❛✐❡ ♣♦✉r t♦✉t
n ∈ N ✿

∀n ∈ N, u2n+2 > u2n =⇒ f(u2n+2) < f(u2n), s♦✐t u2n+3 < u2n+1.

❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❛ s✉✐t❡ (u2n+1)n∈N ❞❡s t❡r♠❡s ❞❡ r❛♥❣s ✐♠♣❛✐rs ❞❡ ❧❛ s✉✐t❡ (un)✱ ❡st ❞é❝r♦✐ss❛♥t❡✳

❖r ❞✬❛♣rès ✶✳❜✮ t♦✉s ❧❡s t❡r♠❡s ❞❡ ❧❛ s✉✐t❡ (un) s♦♥t str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✱ ❞♦♥❝ ❧❛ s✉✐t❡ (u2n+1) ❡st
❛✉ss✐ ♠✐♥♦ré❡ ♣❛r ✵ ✿ ❡❧❧❡ ❡st ❞♦♥❝ ❝♦♥✈❡r❣❡♥t❡✱ ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❧✐♠✐t❡ ♠♦♥♦t♦♥❡✳

✺✳ P♦✉r x ∈]0 ; +∞[✱ ♦♥ ♣♦s❡ h(x) = f ◦ f(x)✱ ❡t h(0) = 0✳

❛✮ P♦✉r t♦✉t ré❡❧ x str✐❝t❡♠❡♥t ♣♦s✐t✐❢ ✿ f(x) =
e−x

x
❡st str✐❝t❡♠❡♥t ♣♦s✐t✐❢✱ ❞♦♥❝ h(x) = f

(

f(x)
)

❡st

❜✐❡♥ ❞é✜♥✐✱ ❡t ✈❛✉t

h(x) =
e−

e
−x

x

e−x

x

= e−e−x/x × xex = xex−e−x/x.

❜✮ ▲❛ ❢♦♥❝t✐♦♥ h ❡st ❞é❥à ❝♦♥t✐♥✉❡ s✉r ]0 ; +∞[ ❝❛r ❝✬❡st ❧❡ ❝❛s ❞❡ f ✱ ❝♦♥t✐♥✉❡ s✉r ❝❡t ✐♥t❡r✈❛❧❧❡ ❝♦♠♠❡
q✉♦t✐❡♥t ❞❡ ❢♦♥❝t✐♦♥s q✉✐ ❧❡ s♦♥t✱ ❡t q✉✐ ❡st à ✈❛❧❡✉rs ❞❛♥s ]0 ; +∞[ ✿ h ❡st ❧❛ ❝♦♠♣♦sé❡ ❞❡ ❞❡✉①
❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s s✉r ]0 ; +∞[✳

P❛r ❛✐❧❧❡✉rs ✿ lim
x→0+

x− e−x

x
= −∞ ❡t lim

X→−∞

eX = 0✱ ❞♦♥❝ lim
x→0+

ex−e−x/x = 0

❡t lim
x→0+

xex−e−x/x = 0× 0 = 0 = h(0)✳

▲❛ ❢♦♥❝t✐♦♥ h ❡st ❞♦♥❝ ❝♦♥t✐♥✉❡ ❡♥ ✵✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ❡❧❧❡ ❧✬❡st ❛✉ss✐ s✉r t♦✉t ❧✬✐♥t❡r✈❛❧❧❡ [0 ; +∞[✳

❝✮ ❖♥ s❛✐t ❞é❥à q✉❡ h(0) = 0✱ ❞♦♥❝ q✉❡ 0 ❡st s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ h(x) = x✳

P♦✉r t♦✉t x > 0 ✿

h(x) = x ⇐⇒ xex−e−x/x = x ⇐⇒ ex−e−x/x = 1 ⇐⇒ x−e−x

x
= 0 ⇐⇒ e−x−x2 = 0 ⇐⇒ g(x) = 0.

❖♥ ❛ ❞é❥à ❞é♠♦♥tré ❡♥ ✸✳❜✮ q✉❡ ❧✬éq✉❛t✐♦♥ g(x) = 0 ❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ α s✉r ]0 ; +∞[ ✿
✐❧ ❡♥ ❡st ❞♦♥❝ ❞❡ ♠ê♠❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ éq✉✐✈❛❧❡♥t❡ h(x) = x s✉r ❝❡t ✐♥t❡r✈❛❧❧❡✳

❋✐♥❛❧❡♠❡♥t✱ ❧✬éq✉❛t✐♦♥ h(x) = x ❛❞♠❡t ❜✐❡♥ ❞❡✉① s♦❧✉t✐♦♥s ❞❛♥s [0 ; +∞[ ✿ ✵ ❡t α✳

✸ ➞



❞✮ ▲❛ s✉✐t❡ (u2n+1)n∈N ❡st ❝♦♥✈❡r❣❡♥t❡ ❞❡ ❧✐♠✐t❡ ℓ > 0✱ ❡t ❝♦♠♠❡ ❞❡ ♣❧✉s ✿

∀n ∈ N, u2n+3 = f(u2n+2) = f ◦ f(u2n+1) = h(u2n+1)✱ ❛❧♦rs ♣❛r ✉♥✐❝✐té ❞❡ ❧❛ ❧✐♠✐t❡ ❡t ✈✉ q✉❡ h

❡st ❝♦♥t✐♥✉❡ s✉r [0 ; +∞[✱ ❧❛ ❧✐♠✐t❡ ℓ ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣♦s✐t✐✈❡ ❞❡ ❧✬éq✉❛t✐♦♥ h(x) = x✳

❈❡tt❡ ❧✐♠✐t❡ ♥❡ ♣❡✉t ♣❛s êtr❡ α ♣✉✐sq✉❡ u1 = e−1 < α ✭✈♦✐r ❧❡s q✉❡st✐♦♥s ✸✳❝✮ ❡t ✹✳❛✮✮ ❡t ❧❛ s✉✐t❡
❡st ✭str✐❝t❡♠❡♥t✮ ❞é❝r♦✐ss❛♥t❡✳ ❖♥ ❡♥ ❞é❞✉✐t ❞♦♥❝ ♣❛r é❧✐♠✐♥❛t✐♦♥✱ q✉❡ ✿

lim
n→+∞

u2n+1 = 0.

✻✳ ❖♥ ♣❡✉t s❡ ❝♦♥t❡♥t❡r ✐❝✐ ❞❡ r❡♠❛rq✉❡r q✉❡ ✿ ∀n ∈ N
∗, u2n = f(u2n−1)✱ ♦ù lim

n→+∞

u2n−1 = 0+ ❞✬❛♣rès

❧❛ q✉❡st✐♦♥ ♣ré❝é❞❡♥t❡ ❀ ❝♦♠♠❡ lim
x→0+

f(x) = +∞✱ ❛❧♦rs ♣❛r ❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧✐♠✐t❡s ✿

lim
n→+∞

f(u2n−1) = +∞ = lim
n→+∞

u2n.

▲❛ s✉✐t❡ (u2n) ❞❡s t❡r♠❡s ❞❡ r❛♥❣s ♣❛✐rs ♥✬❡st ❞♦♥❝ ♣❛s ♠❛❥♦ré❡✱ ♠❛✐s ❡❧❧❡ ❛❞♠❡t ❜✐❡♥ ✉♥❡ ❧✐♠✐t❡ q✉✐
❡st ✐♥✜♥✐❡✳

❊❳❊❘❈■❈❊ ✷

❖♥ ❝♦♥s✐❞èr❡ ❧❛ ♠❛tr✐❝❡ A ❞é✜♥✐❡ ♣❛r A =





3 1 1
1 3 1
1 1 3



✳

P❛rt✐❡ ■ ✲ ❘é❞✉❝t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ A

✶✳ ❛✮ ▲❛ ♠❛tr✐❝❡ A− 2I =





1 1 1
1 1 1
1 1 1



 ❡st ❞❡ r❛♥❣ ✶✱ ❝❛r s❡s tr♦✐s ❝♦❧♦♥♥❡s s♦♥t é❣❛❧❡s ❡t ♥♦♥✲♥✉❧❧❡s✳

❜✮ ❉❡ ❝❡ q✉✐ ♣ré❝è❞❡✱ ♦♥ ❞é❞✉✐t q✉❡ A− 2I ♥✬❡st ♣❛s ✐♥✈❡rs✐❜❧❡✱ ❞♦♥❝ q✉❡ 2 ❡st ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ A✳

▲❡ t❤é♦rè♠❡ ❞✉ r❛♥❣ ❛ss✉r❡ ♣❛r ❛✐❧❧❡✉rs q✉❡✱ ♣✉✐sq✉❡ A ❡st ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡ ❞✬♦r❞r❡ ✸ ✿

dimE2(A) = 3− rg(A− 2I) = 3− 1 = 2.

❝✮ ❖♥ rés♦✉t ✐❝✐ ❧❡ s②stè♠❡ ✿ (A− 2I)X = 03,1 ❞✬✐♥❝♦♥♥✉❡ X =





x

y

y



 ✿ ❡♥ ❧✬é❝r✐✈❛♥t ♦♥ ❝♦♥st❛t❡ q✉❡

❧❡s tr♦✐s ❧✐❣♥❡s ❞✉ s②stè♠❡ s♦♥t é❣❛❧❡s✱ ❡t ✿

(A− 2I)X = 03,1 ⇐⇒ x+ y + z = 0 ⇐⇒ x = −y − z.

❆✐♥s✐ ✿ E2(A) =
{





−y − z

y

z





∣

∣

∣ (y, z) ∈ R
2
}

= Vect
(





−1
1
0



 ,





−1
0
1





)

✳

❖♥ ❛ tr♦✉✈é ✉♥❡ ❢❛♠✐❧❧❡ ❣é♥ér❛tr✐❝❡ ❞❡E2(A) ❢♦r♠é❡ ❞❡ ❞❡✉① ✈❡❝t❡✉rs ♥♦♥ ❝♦❧✐♥é❛✐r❡s ✿
(





−1
1
0



 ,





−1
0
1





)

❡st ✉♥❡ ❜❛s❡ ❞❡ ❝❡ s♦✉s✲❡s♣❛❝❡ ♣r♦♣r❡✳

❞✮ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧ ✿ ❧❛ s♦♠♠❡ ❞❡s ❞✐♠❡♥s✐♦♥s ❞❡s s♦✉s✲❡s♣❛❝❡s ♣r♦♣r❡s ❞❡A ❡st ✐♥❢ér✐❡✉r❡
♦✉ é❣❛❧ à ✸✱ ♣✉✐sq✉❡ A ∈M3(R)✳

❖♥ ❛ ❞é❥à ✐❝✐ dimE2(A) = 2✱ ❡t ✉♥ s♦✉s✲❡s♣❛❝❡ ♣r♦♣r❡ ❡st t♦✉❥♦✉rs ❞❡ ❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s é❣❛❧❡
à ✶ ✿ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ A ❛ ❛✉ ♣❧✉s ✉♥❡ ❛✉tr❡ ✈❛❧❡✉r ♣r♦♣r❡✳

✹ ➞



✷✳ ❛✮ ❉❛♥s ❝❡tt❡ s♦✉s✲q✉❡st✐♦♥✱M =





a b c

d e f

g h i



 ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡M3(R)✱ ❡t U ❡st ❧❡ ✈❡❝t❡✉r✲❝♦❧♦♥♥❡





1
1
1



✳

■❧ ❡st ❛❧♦rs ❝❧❛✐r q✉❡ MU =





a+ b+ c

d+ e+ f

g + h+ i



 ❡st ❧❡ ✈❡❝t❡✉r✲❝♦❧♦♥♥❡ ❞♦♥t ❧❡s é❧é♠❡♥ts s♦♥t ❧❡s s♦♠♠❡s

❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❝❤❛q✉❡ ❧✐❣♥❡ ❞❡ M ✳

❜✮ ❙✐ ♦♥ ❛♣♣❧✐q✉❡ ❝❡ rés✉❧t❛t à ❧❛ ♠❛tr✐❝❡ A✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ✿ AU =





5
5
5



 = 5 · U ✱ ❝❡ q✉✐ ♣r♦✉✈❡

q✉❡ ❧❡ ✈❡❝t❡✉r ♥♦♥✲♥✉❧ U ❡st ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ♣♦✉r ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ ✺✳

❈♦♠♠❡ ♦♥ ❧✬❛ ❞✐t ❛✉♣❛r❛✈❛♥t à ❧❛ q✉❡st✐♦♥ ✶✳❞✮✱ ❧❡ t❤é♦rè♠❡ s♣❡❝tr❛❧ ❛ss✉r❡ ❛❧♦rs q✉❡ dimE5(A) =
1✱ ❡t ♣❛r ❝♦♥séq✉❡♥t U ✱ ✈❡❝t❡✉r ♥♦♥✲♥✉❧ ❞❡ E5(A)✱ ❝♦♥st✐t✉❡ à ❧✉✐ s❡✉❧ ✉♥❡ ❜❛s❡ ❞❡ ❝❡ s♦✉s✲❡s♣❛❝❡
♣r♦♣r❡✳

✸✳ ❉✬❛♣rès ❝❡ q✉✐ ♣ré❝è❞❡ ✿ A ❡st ❜✐❡♥ ❞✐❛❣♦♥❛❧✐s❛❜❧❡ ✭✈✉ q✉❡ dimE2(A) + dimE5(A) = 3✮✱ s❡♠❜❧❛❜❧❡

à ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ D =





2 0 0
0 2 0
0 0 5



✱ ✈✐❛ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ P =





−1 −1 1
1 0 1
0 1 1



 ♦❜t❡♥✉❡ ❡♥

❥✉①t❛♣♦s❛♥t ❧❡s ✈❡❝t❡✉rs ❞❡ ❜❛s❡ ❞❡s ❞❡✉① s♦✉s✲❡s♣❛❝❡s ♣r♦♣r❡s✳

▲❡s tr♦✐s ♠❛tr✐❝❡s A,D ❡t P s♦♥t ❧✐é❡s ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❜❛s❡ ✿

A = PDP−1.

P❛rt✐❡ ■■ ✲ ❯♥ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧

❖♥ ❝♦♥s✐❞èr❡ ❧❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ✿











x′ = 3x+ y + z

y′ = x+ 3y + z

z′ = x+ y + 3z

✱ ❞✬✐♥❝♦♥♥✉❡s x, y, z tr♦✐s ❢♦♥❝t✐♦♥s ré❡❧❧❡s

❞ér✐✈❛❜❧❡s s✉r R✳

✹✳ ❖♥ rés♦✉t ❧❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ (S) ♣❛r ❧❛ ♠ét❤♦❞❡ ❤❛❜✐t✉❡❧❧❡✱ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❧❡s ✈❡❝t❡✉rs✲❝♦❧♦♥♥❡s

X =





x

y

z



 ✭♦ù x, y, z s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❞ér✐✈❛❜❧❡s s✉r R✮✱ ❡t Y = P−1X =





a

b

c



 ✿

P♦✉r t♦✉t ré❡❧ t✱ X ′(t) =





x′(t)
y′(t)
z′(t)



 =





3 1 1
1 3 1
1 1 3









x(t)
y(t)
z(t)



 = AX(t)✱ ❞♦♥❝ ✿

∀t ∈ R, Y ′(t) = P−1X ′(t) = P−1AX(t) = DP−1X(t), s♦✐t Y ′(t) = DY (t),

♣✉✐sq✉❡ A = PDP−1 ⇐⇒ P−1A = DP−1✳ ▲❡ s②stè♠❡ Y ′ = DY s✬é❝r✐t ❛✉ss✐✱ ❡♥ r❡✈❡♥❛♥t ❛✉①

❝♦♠♣♦s❛♥t❡s ✿











a′ = 2a

b′ = 2b

c′ = 5c

✳ ▲❡s s♦❧✉t✐♦♥s s♦♥t ❞♦♥❝ ❞❡ ❧❛ ❢♦r♠❡ ✿

∀t ∈ R, Y (t) =





c1e
2t

c2e
2t

c3e
5t



 , ♦ù (c1, c2, c3) ∈ R
3.

✺ ➞



▲❡s s♦❧✉t✐♦♥s ❞✉ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ (S) s♦♥t ❞♦♥❝ ❧❡s ✈❡❝t❡✉rs✲❝♦❧♦♥♥❡s X ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❧❛ ❢♦r♠❡ ✿

∀t ∈ R, X(t) = PY (t) =





−(c1 + c2)e
2t + c3e

5t

c1e
2t + c3e

5t

c2e
2t + c3e

5t



 , ♦ù (c1, c2, c3) ∈ R
3.

✺✳ ❛✮ ❈✬❡st ❧❡ t❤é♦rè♠❡ ❞❡ ❈❛✉❝❤② q✉✐ ❛ss✉r❡ q✉❡ ❧❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ (S) à ❝♦❡✣❝✐❡♥ts ❝♦♥st❛♥ts✱

❛❞♠❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ X0 q✉✐ ✈ér✐✜❡ X0(0) =





1
−1
0



✳

❜✮ ❖♥ ❝❤❡r❝❤❡ ❞♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ X0 ❞❡ ❧❛ ❢♦r♠❡ ♦❜t❡♥✉❡ à ❧❛ q✉❡st✐♦♥ ✹✳✱ ❡t q✉✐ ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥
✐♥✐t✐❛❧❡ ✿

X0(0) =





1
−1
0



 ⇐⇒







−c1 − c2 + c3 = 1
c1 + c3 = −1

c2 + c3 = 0
⇐⇒







3c3 = 0 L1 ← L1 + L2 + L3

c1 + c3 = −1
c2 + c3 = 0

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ✿ c3 = 0 ♣✉✐s c1 = −1 ❡t c2 = 0✳ ▲✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❝❤❡r❝❤é❡ ❡st ❞♦♥❝ ❞é✜♥✐❡
♣❛r ✿

∀t ∈ R, X0(t) =





e2t

−e2t
0



 .

P❛rt✐❡ ■■■ ✲ ❯♥ s❡❝♦♥❞ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧✳

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ♠❛tr✐❝❡ B =

(

−1 −4
1 3

)

✳

✻✳ ❈♦♠♠❡ B ❡st ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡ ❞✬♦r❞r❡ ✷✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ✐❝✐ ❧❡ ❞ét❡r♠✐♥❛♥t ♣♦✉r ❝❤❡r❝❤❡r s❡s
✈❛❧❡✉rs ♣r♦♣r❡s ✿

λ ❡st ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ B ⇐⇒ B − λ.I2 ❡st ♥♦♥✲✐♥✈❡rs✐❜❧❡ ⇐⇒ det(B − λ.I2) = 0.

❈♦♠♠❡ B−λ.I2 =

(

−1− λ −4
1 3

)

✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s λ ❞❡ B s♦♥t ❞♦♥❝ ❧❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ✿

(−1− λ)(3− λ)− (−4) = 0 ⇐⇒ λ2 − 2λ− 3 + 4 = 0 ⇐⇒ λ2 − 2λ+ 1 = 0 ⇐⇒ (λ− 1)2 = 0.

❖♥ ❡♥ ❞é❞✉✐t q✉❡ B ❛❞♠❡t ✉♥❡ s❡✉❧❡ ✈❛❧❡✉r ♣r♦♣r❡✱ à s❛✈♦✐r λ = 1✳

✼✳ ▲❛ ♠❛tr✐❝❡ B ♥✬❡st é✈✐❞❡♠♠❡♥t ♣❛s ❞✐❛❣♦♥❛❧✐s❛❜❧❡✳ ❙✐ ❡❧❧❡ ❧✬ét❛✐t✱ ❡❧❧❡ s❡r❛✐t ❛❧♦rs s❡♠❜❧❛❜❧❡ à ❧❛

♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ D =

(

1 0
0 1

)

q✉✐ ♣rés❡♥t❡ ♣❛rt♦✉t s✉r s❛ ❞✐❛❣♦♥❛❧❡ s❛ s❡✉❧❡ ✈❛❧❡✉r ♣r♦♣r❡✱ ✈✐❛ ✉♥❡

♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ P ✐♥✈❡rs✐❜❧❡✳

❖r D ❡st ❡♥ ❢❛✐t ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té✱ ❡t ❧❛ ❢♦r♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❜❛s❡ ❞♦♥♥❡r❛✐t ❛❧♦rs ✿

B = PDP−1 = PI2P
−1 = PP−1 = I2.

▲❛ ♠❛tr✐❝❡ B ♥❡ s❡r❛✐t ❛❧♦rs ♣❛s s❡✉❧❡♠❡♥t s❡♠❜❧❛❜❧❡ à I2✱ ❡❧❧❡ ❧✉✐ s❡r❛✐t é❣❛❧❡✱ ❝❡ q✉✐ ♥✬❡st ❜✐❡♥ sûr
♣❛s ❧❡ ❝❛s ✦

❖♥ ❛ ❞♦♥❝ ❞é♠♦♥tré ♣❛r ❧✬❛❜s✉r❞❡✱ q✉❡ B ♥✬❡st ♣❛s ❞✐❛❣♦♥❛❧✐s❛❜❧❡✳

✽✳ ❖♥ ♥♦t❡ f ❧✬❡♥❞♦♠♦r♣❤✐s♠❡ ❞❡ R
2 t❡❧ q✉❡ B ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ f ❞❛♥s ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ (e1, e2) ❞❡

R
2✳

❖♥ ❝♦♥s✐❞èr❡ ❛✉ss✐ ❧❡s ✈❡❝t❡✉rs v1 = (2,−1) ❡t v2 = (−1, 0)✳

✻ ➞



❛✮ ▲✬❛r❣✉♠❡♥t ❧❡ ♣❧✉s ❡✣❝❛❝❡ ✐❝✐ ♣♦✉r ❥✉st✐✜❡r q✉❡ (v1, v2) ❡st ✉♥❡ ❜❛s❡ ❞❡ R
2✱ ❝♦♥s✐st❡ à ❞✐r❡ q✉✬✐❧

s✬❛❣✐t ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡ ❝❛r ❢♦r♠é❡ ❞❡ ❞❡✉① ✈❡❝t❡✉rs ♥♦♥✲❝♦❧✐♥é❛✐r❡s✱ ❞❛♥s ❧✬❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ R2

q✉✐ ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✷✱ ❝❡ q✉✐ s✉✣t ♣♦✉r ❝♦♥❝❧✉r❡✳

❜✮ ▲❡s ❝❛❧❝✉❧s ♠❛tr✐❝✐❡❧s ❛✈❡❝ ❧❛ ♠❛tr✐❝❡ B✱ ♣❡r♠❡tt❡♥t ❞❡ ❝❛❧❝✉❧❡r f(v1) ❡t f(v2) ✿

B

(

2
−1

)

=

(

2
−1

)

❡t B

(

−1
0

)

=

(

1
−1

)

,

❞♦♥❝ f(v1) = (2,−1) = v1✱ ❡t f(v2) = (1,−1) ❞♦♥t ♦♥ r❡♠❛rq✉❡ ❢❛❝✐❧❡♠❡♥t q✉❡ ❝❡❧❛ s✬é❝r✐t ❛✉ss✐ ✿
f(v2) = v1 + v2✳

❝✮ ▲❛ ♠❛tr✐❝❡ ❞❡ f ❞❛♥s ❧❛ ❜❛s❡ (v1, v2) ❞❡ R
2 ❡st ♣❛r ❝♦♥séq✉❡♥t ✿

T =

(

1 1
0 1

)

.

❞✮ ▲❛ ❢♦r♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❜❛s❡ ❞♦♥♥❡ ❧❛ r❡❧❛t✐♦♥ ✿ B = QTQ−1✱ ♦ù Q ❡st ❧❛ ♠❛tr✐❝❡ ❞❡

♣❛ss❛❣❡ ❞❡ ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡ R
2 à ❧❛ ❜❛s❡ (v1, v2)✱ ❝✬❡st✲à✲❞✐r❡ Q =

(

2 −1
−1 0

)

✳

✾✳ ❖♥ ❝♦♥s✐❞èr❡ ❞❛♥s ❝❡tt❡ ❞❡r♥✐èr❡ q✉❡st✐♦♥✱ ❧❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ (Σ)

{

x′ = −x− 4y

y′ = x+ 3y
✳

❊♥ ♣♦s❛♥t X =

(

x

y

)

♦ù x ❡t y s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ré❡❧❧❡s ❞ér✐✈❛❜❧❡s✱ ❧❡ s②stè♠❡

s✬é❝r✐t X ′ =

(

−1 −4
1 3

)(

x

y

)

✱ s♦✐t X ′ = BX✳

❖♥ ♣♦s❡ ❛❧♦rs Y = Q−1X✱ ❡t ❧❡ s②stè♠❡ ❡st éq✉✐✈❛❧❡♥t ❛✉ s✉✐✈❛♥t ✿

Y ′ = Q−1X ′ = Q−1BX = Q−1BQY, s♦✐t Y ′ = TY

❊♥ ♣♦s❛♥t Y =

(

a

b

)

✱ ❧❡ ♥♦✉✈❡❛✉ s②stè♠❡ s✬é❝r✐t ❞♦♥❝ ✿

{

a′ = a+ b

b′ = b
✳

▲❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ b′ = b s♦♥t ❧❡s ❢♦♥❝t✐♦♥s b : t 7→ C2e
t✱ ♦ù C2 ∈ R✳

❖♥ ❞♦✐t ❞♦♥❝ rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ a′(t) = a(t) + C2e
t ✿

❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ ❡st a′ = a✱ q✉✐ ❛ ❧❛ ♠ê♠❡ ❢♦r♠❡ ❣é♥ér❛❧❡ ❞❡s
s♦❧✉t✐♦♥s a : t 7→ C1e

t q✉❡ ♣ré❝é❞❡♠♠❡♥t✱ s♦❧✉t✐♦♥s ❛✉①q✉❡❧❧❡s ✐❧ ❢❛✉t r❛❥♦✉t❡r ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉✲
❧✐èr❡ ap t❡❧❧❡ q✉❡ ∀t ∈ R, a′p(t) = ap(t) + C2e

t✳

❖♥ ❞♦✐t s❛✈♦✐r ❞❛♥s ❝❡ ❝❛s✱ q✉❡ ap(t) = C2te
t ❝♦♥✈✐❡♥t✱ ❡♥ ❡✛❡t ✿

∀t ∈ R, a′p(t) = C2.
(

1.et + tet
)

= C2.te
t + C2e

t = ap(t) + C2e
t.

❖♥ ❡♥ ❞é❞✉✐t ❞♦♥❝ q✉❡ ❧❡s s♦❧✉t✐♦♥s a s♦♥t ❞❡ ❧❛ ❢♦r♠❡ a : t 7→ C1e
t + C2.te

t✳

▲❡ s②stè♠❡ Y ′ = TY ❛ ❞♦♥❝ ♣♦✉r s♦❧✉t✐♦♥s ✿ ∀t ∈ R, Y (t) =

(

C1e
t + C2te

t

C2e
t

)

♦ù (C1, C2) ∈ R
2✳

■❧ r❡st❡ ❞♦♥❝ à ❞✐r❡ q✉❡ ❧❡s s♦❧✉t✐♦♥s ❞✉ s②stè♠❡ (Σ) s♦♥t ❞❡ ❧❛ ❢♦r♠❡ ✿

∀t ∈ R, X(t) = QY (t) =

(

2C1e
t + 2C2te

t − C2e
t

−C1e
t − C2te

t

)

, ♦ù (C1, C2) ∈ R
2.

✼ ➞



❊❳❊❘❈■❈❊ ✸

P❛rt✐❡ ■ ✲ Pré❧✐♠✐♥❛✐r❡

✶✳ ❙♦✐t h : R
+ → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r h(x) =







x ln(x) s✐ x > 0

0 s✐ x = 0
✳

❛✮ ▲❛ ❢♦♥❝t✐♦♥ h ❡st ❝♦♥t✐♥✉❡ s✉r ]0 ; +∞[ ❝♦♠♠❡ ♣r♦❞✉✐t ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ré❢ér❡♥❝❡ ❝♦♥t✐♥✉❡s s✉r ❝❡t
✐♥t❡r✈❛❧❧❡✳

P❛r ❛✐❧❧❡✉rs✱ ❧❡s ❝r♦✐ss❛♥❝❡s ❝♦♠♣❛ré❡s ❛ss✉r❡♥t q✉❡ lim
x→0

x ln(x) = 0 = h(0)✱ ❞♦♥❝ h ❡st ❛✉ss✐

❝♦♥t✐♥✉❡ ❛✉ ♣♦✐♥t ✵ ✿ ✜♥❛❧❡♠❡♥t✱ h ❡st ❝♦♥t✐♥✉❡ s✉r ❧✬✐♥t❡r✈❛❧❧❡ [0 ; +∞[✳

❜✮ P♦✉r ét✉❞✐❡r ❧❛ ❞ér✐✈❛❜✐❧✐té ❞❡ h ❡♥ ✵✱ ♦♥ é❝r✐t ❧❡ t❛✉① ❞✬❛❝❝r♦✐ss❡♠❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❡♥ ❝❡ ♣♦✐♥t ✿
♣♦✉r x > 0✱

h(x)− h(0)

x− 0
= ln(x) −−→

x→0
−∞.

❈❡tt❡ ❧✐♠✐t❡ ✐♥✜♥✐❡ ❛ss✉r❡ q✉❡ h ♥✬❡st ♣❛s ❞ér✐✈❛❜❧❡ ❡♥ ✵✳

❝✮ ■❧ ❡st ❝❧❛✐r ♣❛r ❞é✜♥✐t✐♦♥✱ q✉❡ 0 ❡st ✉♥ ❛♥té❝é❞❡♥t ❞❡ ❧✉✐✲♠ê♠❡ ♣❛r h ♣✉✐sq✉❡ h(0) = 0✳

P♦✉r t♦✉t x > 0 ✿ h(x) = 0 ⇐⇒ x ln(x) = 0 ⇐⇒ ln(x) = 0 ⇐⇒ x = 1✱ ❞♦♥❝ ✵ ❛❞♠❡t
❡①❛❝t❡♠❡♥t ❞❡✉① ❛♥té❝é❞❡♥ts ♣❛r h✱ q✉✐ s♦♥t ✵ ❡t ✶✳

✷✳ P♦✉r t♦✉t x ❞❛♥s [0 ; 1]✱ ♦♥ ♣♦s❡ g(x) = −h(x)−h(1−x) =



















−h(1) = 0 s✐ x = 0

−x ln(x)− (1− x) ln(1− x) s✐ 0 < x < 1

−h(1)− 0 = 0 s✐ x = 1

✳

▲❛ ❢♦♥❝t✐♦♥ g ❡st✱ ❞✬❛♣rès ❧✬ét✉❞❡ ❞❡ h✱ ❝♦♥t✐♥✉❡ s✉r [0 ; 1] ❡t ❞ér✐✈❛❜❧❡ s✉r ]0 ; 1[✱
❛✈❡❝ ♣♦✉r t♦✉t x ∈]0 ; 1[ ✿

h′(x) = −
(

1×ln(x)+x×1

x

)

−
(

−1×ln(1−x)+(1−x)× −1
1− x

)

= − ln(x)−1+ln(1−x)+1 = ln(1−x)−ln(x).

❖♥ rés♦✉t ❛❧♦rs✱ ♣♦✉r x ∈]0 ; 1[ ✿

ln(1− x)− ln(x) > 0 ⇐⇒ ln(1− x) > ln(x) ⇐⇒ 1− x > x ⇐⇒ 1 > 2x ⇐⇒ 1

2
> x

❖♥ ❛✉r❛ ✉t✐❧✐sé ✐❝✐ ❧❛ str✐❝t❡ ❝r♦✐ss❛♥❝❡ ❞❡ ln s✉r ]0 ; +∞[ ♣♦✉r ❧❛ ❞❡✉①✐è♠❡ éq✉✐✈❛❧❡♥❝❡✳ ❖♥ ❡♥ ❞é❞✉✐t
❧❡ t❛❜❧❡❛✉ ❞❡ ✈❛r✐❛t✐♦♥s ❞❡ g s✉r [0 ; 1] ✿

x ✵ 1/2 1

g′(x) ✵+ −

g

ln(2)

✵ ✵

▲❛ ❢♦♥❝t✐♦♥ g ❛❞♠❡t ✉♥ ♠❛①✐♠✉♠ ❡♥ x = 1
2
q✉✐ ✈❛✉t ✿

g
(1

2

)

= −h
(1

2

)

− h
(1

2

)

= −2× 1

2
ln
(1

2

)

= ln(2).

✽ ➞



P❛rt✐❡ ■■ ✲ ❉❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ❞✐s❝rèt❡s

✸✳ ❉❛♥s ❝❡tt❡ q✉❡st✐♦♥✱ U ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ q✉✐ s✉✐t ❧❛ ❧♦✐ ✉♥✐❢♦r♠❡ ❞✐s❝rèt❡ s✉r J1 ;nK✳

❖♥ ❛ ❞♦♥❝ ✿ U(Ω) = J1 ;nK✱ ❡t ∀i ∈ J1 ;nK, pi = P(U = i) =
1

n
✳

P❛r ❝♦♥séq✉❡♥t✱ U ❛❞♠❡t ❜✐❡♥ ✉♥❡ ❡♥tr♦♣✐❡✱ ❞♦♥♥é❡ ♣❛r ❧❛ s♦♠♠❡ ✜♥✐❡ ✿

H(U) = −
n
∑

i=1

h
(

1
n

)

= −
n
∑

i=1

− 1

n
ln(n) =

1

n
ln(n)× n = ln(n).

✹✳ ❙♦✐t X ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ q✉✐ s✉✐t ✉♥❡ ❧♦✐ ❞❡ ❇❡r♥♦✉❧❧✐ ❞❡ ♣❛r❛♠ètr❡ p ∈]0 ; 1[✳
❖♥ ❛ ❞♦♥❝ ✿ X(Ω) = {0 ; 1} ❡t P(X = 1) = p, P(X = 0) = 1 − p✱ ❞❡ s♦rt❡ q✉❡ X ❛❞♠❡t ✉♥❡
❡♥tr♦♣✐❡ ❞♦♥♥é❡ ♣❛r ❧❛ s♦♠♠❡ ✜♥✐❡ à ❞❡✉① t❡r♠❡s ✿

H(X) = −
∑

x∈X(Ω)

h
(

P(X = x)
)

= −h(p)− h(1− p) = g(p),

♦ù g ❡st ❧❛ ❢♦♥❝t✐♦♥ ét✉❞✐é❡ à ❧❛ ♣❛rt✐❡ ■✳

▲✬ét✉❞❡ ❞❡ g ♠♦♥tr❡ ❜✐❡♥ q✉❡ ✿ H(X) 6 ln(2)✱ ❛✈❡❝ é❣❛❧✐té s✐ ❡t s❡✉❧❡♠❡♥t s✐ p = 1
2
✳

✺✳ ❙♦✐❡♥t X1 ❡t X2 ❞❡✉① ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐♥❞é♣❡♥❞❛♥t❡s q✉✐ s✉✐✈❡♥t ❞❡s ❧♦✐s ❞❡ ❇❡r♥♦✉❧❧✐ ❞❡ ♣❛r❛✲
♠ètr❡s r❡s♣❡❝t✐❢s p1 ❡t p2✱ ❞é✜♥✐❡s s✉r ❧❡ ♠ê♠❡ ❡s♣❛❝❡ ♣r♦❜❛❜✐❧✐sé✳

❛✮ ▲❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s X1 ❡t X2 ♥❡ ♣r❡♥♥❡♥t ❝❤❛❝✉♥❡ q✉❡ ❞❡✉① ✈❛❧❡✉rs ✿ ✵ ❡t ✶✱ ❞♦♥❝ X1 + X2

♣r❡♥❞ ❧❡s ✈❛❧❡✉rs {0, 1, 2} q✉✐ ❝♦♥st✐t✉❡♥t s♦♥ ✉♥✐✈❡rs✲✐♠❛❣❡ (X1 +X2)(Ω)✳

❜✮ ▲✬é✈é♥❡♠❡♥t [Z = 1] ❡st ré❛❧✐sé s✐ ❡t s❡✉❧❡♠❡♥t s✐ X1 +X2 ♣r❡♥❞ ✉♥❡ ✈❛❧❡✉r ✐♠♣❛✐r❡✱ ❞♦♥❝ s✐ ❡t
s❡✉❧❡♠❡♥t s✐ [X1 +X2 = 1] =

(

[X1 = 1] ∩ [X2 = 0]
)

∪
(

[X1 = 0] ∩ [X2 = 1]
)

❡st ré❛❧✐sé✳

▲✬✉♥✐♦♥ q✉✬♦♥ ✈✐❡♥t ❞✬é❝r✐r❡ ét❛♥t ❞✐s❥♦✐♥t❡s ❡t ❧❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s X1 ❡t X2 ét❛♥t ✐♥❞é♣❡♥✲
❞❛♥t❡s✱ ♦♥ ❡♥ ❞é❞✉✐t ✿

p = P(Z = 1) = P(X1 = 1)×P(X2 = 0) +P(X1 = 0)×P(X2 = 1) = p1(1− p2) + p2(1− p1).

❝✮ ❉✬❛♣rès ❧❛ ❢♦r♠✉❧❡ ♣ré❝é❞❡♥t❡ ✿

1− 2p = 1− 2p1 − 2p2 + 4p1p2 ❡t (1− 2p1)(1− 2p2) = 1− 2p1 − 2p2 + 4p1p2,

❞♦♥❝ ❡✛❡❝t✐✈❡♠❡♥t✱ 1− 2p = (1− 2p1)(1− 2p2)✳

✻✳ ❙♦✐t p ∈]0 ; 1[ ❡t (Xk)k∈N∗ ✉♥❡ s✉✐t❡ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ♠✉t✉❡❧❧❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s✱ ❞❡ ♠ê♠❡ ❧♦✐
❞❡ ❇❡r♥♦✉❧❧✐ ❞❡ ♣❛r❛♠ètr❡ p✳

P♦✉r t♦✉t n ∈ N
∗✱ ♦♥ ♣♦s❡ Sn =

n
∑

k=1

Xk✳

❛✮ ▲❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ Sn ❡st ❧❛ s♦♠♠❡ ❞❡ n ✈❛r✐❛❜❧❡s ❞❡ ❇❡r♥♦✉❧❧✐ ♠✉t✉❡❧❧❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s✱
❞❡ ♠ê♠❡ ♣❛r❛♠ètr❡ p ✿ Sn s✉✐t ❞♦♥❝ ❧❛ ❧♦✐ ❜✐♥♦♠✐❛❧❡ ❞❡ ♣❛r❛♠ètr❡s (n, p)✳

Sn(Ω) = J0 ;nK ❡t ∀k ∈ Sn(Ω), P(Sn = k) =

(

n

k

)

pk(1− p)n−k.

❜✮ ▼♦♥tr♦♥s ♣❛r ré❝✉rr❡♥❝❡✱ ❝♦♠♠❡ s✉❣❣éré ♣❛r ❧✬é♥♦♥❝é✱ q✉❡ P(n) : ”1− 2P(Zn = 1) = (1− 2p)n”✱
❡st ✈r❛✐❡ ♣♦✉r t♦✉t n ∈ N

∗✳

■✳ P♦✉r n = 1 ✿ S1 = X1 ❡t P(Z1 = 1) = P(X1 = 1) = p✱ ❞♦♥❝ 1 − 2P(Z1 = 1) = (1 − 2p)1 ❡t
P(1) ❡st ✈r❛✐❡✳
❍✳ ❙✉♣♣♦s♦♥s P(n) ✈r❛✐❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ n ∈ N

∗✱ ❡t ♠♦♥tr♦♥s q✉✬❛❧♦rs P(n+1) ❡st ❡♥❝♦r❡ ✈r❛✐❡✱
s♦✐t ✿ 1− 2P(Zn+1 = 1) = (1− 2p)n+1✳

✾ ➞



✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

❖♥ r❡♠❛rq✉❡ ✐❝✐ q✉❡ Sn+1 =
n+1
∑

k=1

Xk = Sn +Xn+1✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ✿

[Zn+1 = 1] = [”Sn+1 ❡st ✐♠♣❛✐r”] =
(

[”Sn ❡st ✐♠♣❛✐r”]∩[Xn+1 = 0]
)

∪
(

[”Sn ❡st ♣❛✐r”]∩[Xn+1 = 1]
)

,

❉♦♥❝ ❡♥ ❢❛✐t✱ ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ Zn ✿

[Zn+1 = 1] =
(

[Zn = 1] ∩ [Xn+1 = 0]
)

∪
(

[Zn = 0] ∩ [Xn+1 = 1]
)

= [Zn +Xn+1 = 1].

❈♦♠♠❡ Zn ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ X1, . . . , Xn ✿ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ❞❡s ❝♦❛❧✐t✐♦♥s✱ Zn ❡t Xn+1 s♦♥t
✐♥❞é♣❡♥❞❛♥t❡s ❀ ♦♥ s❡ r❡tr♦✉✈❡ ❞♦♥❝ ❞❛♥s ❧❛ s✐t✉❛t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ✺✳ ♦ù Zn ❥♦✉❡ ❧❡ rô❧❡ ❞❡ X1✱
❡t Xn+1 ❥♦✉❡ ❧❡ rô❧❡ ❞❡ X2✳

▲❡ rés✉❧t❛t ❞❡ ✺✳❝✮ s✬❛♣♣❧✐q✉❡ ❞♦♥❝✱ q✉✐ ❞♦♥♥❡ ✿

1− 2P(Zn+1 = 1) =
(

1− 2P(Zn = 1)
)

(1− 2P(Xn+1 = 1)
) H.R.

= (1− 2p)n× (1− 2p) = (1− 2p)n+1,

❞♦♥❝ P(n+ 1) ❡st ✈r❛✐❡ s✐ P(n) ❧✬❡st✳
❈✳ ▲❛ ♣r♦♣r✐été ❡st ✐♥✐t✐❛❧✐sé❡ ❡t ❤éré❞✐t❛✐r❡ ✿ ❡❧❧❡ ❡st ❞♦♥❝ ✈r❛✐❡ ♣♦✉r t♦✉t n ∈ N

∗✱ ❞✬❛♣rès ❧❡
♣r✐♥❝✐♣❡ ❞❡ ré❝✉rr❡♥❝❡✳

❆✐♥s✐ ✿ ∀n ∈ N
∗, 1− 2P(Zn = 1) = (1− 2p)n✱ ♦✉ ❡♥❝♦r❡ ✿ P(Zn = 1) =

1− (1− 2p)n

2
✳

❝✮ ❈♦♠♠❡ Zn ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❞❡ ❇❡r♥♦✉❧❧✐✱ ❧❡ rés✉❧t❛t ❞❡ ❧❛ q✉❡st✐♦♥ ✹✳ s✬❛♣♣❧✐q✉❡ ❡t Zn ❛❞♠❡t ✉♥❡
❡♥tr♦♣✐❡ q✉✐ ✈ér✐✜❡ ✿ H(Zn) 6 ln(2)✱ ❛✈❡❝ é❣❛❧✐té s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✿

P(Zn = 1) =
1

2
⇐⇒ 1− (1− 2p)n

2
=

1

2
⇐⇒ (1− 2p)n = 0 ⇐⇒ 1− 2p = 0 ⇐⇒ p =

1

2
.

P❛rt✐❡ ■■■ ✲ ❉❡s ✈❛r✐❛❜❧❡s à ❞❡♥s✐té

✼✳ ❙♦✐t U ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ q✉✐ s✉✐t ❧❛ ❧♦✐ ✉♥✐❢♦r♠❡ s✉r [a ; b]✱ ♦ù a ❡t b s♦♥t ❞❡s ré❡❧s t❡❧s q✉❡ a < b✳

❛✮ ❯♥❡ ❞❡♥s✐té ❞❡ U ❡st ❞é✜♥✐❡ ♣❛r ✿ ∀t ∈ R, fU(t) =







1
b−a

s✐ a 6 x 6 b

0 s✐♥♦♥
.

❈♦♠♠❡ h(0) = 0✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ✿ ∀t ∈ R, h ◦ f(t) =







− 1
b−a

ln(b− a) s✐ a 6 x 6 b

0 s✐♥♦♥
✳

▲❛ ❢♦♥❝t✐♦♥ h ◦ f ét❛♥t ♥✉❧❧❡ ❡♥✲❞❡❤♦rs ❞❡ [a ; b] ❡t ❝♦♥st❛♥t❡ s✉r [a ; b]✱ ❧✬✐♥té❣r❛❧❡

∫ +∞

−∞

h ◦ f(t)dt
❡st ❡♥ ❢❛✐t ❝♦♥✈❡r❣❡♥t❡✱ ❡t U ❛❞♠❡t ✉♥❡ ❡♥tr♦♣✐❡✳

❜✮ ❉✬❛♣rès ❝❡ q✉✐ ♣ré❝è❞❡ ✿

H(U) = −
∫ a

−∞

0 dt−
∫ b

a

− 1

b− a
ln(b− a)dt−

∫ +∞

a

0 dt =
b− a

b− a
ln(b− a) = ln(b− a).

✽✳ ❙♦✐t X ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ q✉✐ s✉✐t ✉♥❡ ❧♦✐ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ♣❛r❛♠ètr❡ λ > 0✳

❛✮ ❯♥❡ ❞❡♥s✐té f ❞❡ X ❡st ❞é✜♥✐❡ ♣❛r ✿ ∀t ∈ R, f(t) =







λe−λt s✐ x > 0

0 s✐ x < 0
✳

❉✬❛♣rès ❧❡ ❝♦✉rs s✉r ❧❛ ❧♦✐ ❡①♣♦♥❡♥t✐❡❧❧❡✱ ♦♥ s❛✐t q✉❡ X ❛❞♠❡t ✉♥❡ ❡s♣ér❛♥❝❡ q✉✐ ✈❛✉t E(X) =
1

λ
✱

❡t q✉❡ ❝❡ ❢❛✐t ✈✐❡♥t ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❛❜s♦❧✉❡ ❞❡ ❧✬✐♥té❣r❛❧❡

∫ +∞

−∞

tf(t)dt =

∫ +∞

0

tf(t)dt =
1

λ
✳

✶✵ ➞



❜✮ ▲❛ ❞❡♥s✐té f ❞❡ X ❡st s♦✐t ♥✉❧❧❡✱ s♦✐t str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡✱ ❞♦♥❝ h ◦ f ❡st ❜✐❡♥ ❞é✜♥✐❡ s✉r R✳

P♦✉r t♦✉t t ∈]−∞ ; 0[, h ◦ f(t) = h(0) = 0✱ t❛♥❞✐s q✉❡ ♣♦✉r t♦✉t t ∈ [0 ; +∞[ ✿

h ◦ f(t) = λe−λt. ln
(

λe−λt
)

= ln(λ).λe−λt − λ2te−λt = ln(λ)f(t)− λtf(t).

❆✐♥s✐ ✿ ∀t ∈ R,
∣

∣h◦f(t)
∣

∣ 6 | ln(λ)|f(t)+λ|t|f(t)✱ ❞✬❛♣rès ❧✬✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r ❧❛ ✈❛❧❡✉r
❛❜s♦❧✉❡ ❡t ♣❛r ♣♦s✐t✐✈✐té ❞❡ f s✉r R✳

❈♦♠♠❡ ❧❡s ✐♥té❣r❛❧❡s

∫ +∞

0

f(t)dt ❡t

∫ +∞

0

tf(t)dt s♦♥t ❛❜s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡s t♦✉t❡s ❧❡s ❞❡✉①

✭❡t ✈❛❧❡♥t r❡s♣❡❝t✐✈❡♠❡♥t 1 ❡t 1
λ
✮✱ ❛❧♦rs h ◦ f(t)dt ❡st é❣❛❧❡♠❡♥t ❝♦♥✈❡r❣❡♥t❡✱ ♣❛r ❝♦♠♣❛r❛✐s♦♥

❞✬✐♥té❣r❛❧❡s ❞❡ ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s✱ ♣♦s✐t✐✈❡s✳

▲❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ X ❛❞♠❡t ❞♦♥❝ ✉♥❡ ❡♥tr♦♣✐❡ q✉✐ ✈❛✉t ✿

H(X) = − ln(λ)

∫ +∞

0

f(t)dt+ λ

∫ +∞

0

t(ft)dt = − ln(λ)× 1 + λ× 1

λ
= 1− ln(λ).

✾✳ ❙♦✐t X ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ q✉✐ s✉✐t ✉♥❡ ❧♦✐ ♥♦r♠❛❧❡ N (m, σ2)✱ ♦ù m ∈ R ❡t σ > 0✳

▲❛ ❞❡♥s✐té ✉s✉❡❧❧❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ X ❡st ❧❛ ❢♦♥❝t✐♦♥ φ ❞é✜♥✐❡ ♣❛r ✿

∀x ∈ R, φ(x) =
1

σ
√
2π

e−
(x−m)2

2σ2 .

❛✮ ❉✬❛♣rès ❧❡ ❝♦✉rs s✉r ❧❛ ❧♦✐ ♥♦r♠❛❧❡ ✿ E(X) = m ❡t V (X) = σ2✳

▲❛ ❢♦r♠✉❧❡ ❞❡ ❑♦❡♥✐❣✲❍✉②❣❡♥s ♣❡r♠❡t ❛❧♦rs ❞❡ r❡tr♦✉✈❡r ❧❡ ♠♦♠❡♥t ❞✬♦r❞r❡ ✷ ✭q✉✐ ❡st ❜✐❡♥ ❞é✜♥✐✮
❞❡ ❧❛ ❧♦✐ N (m, σ2) ✿

V (X) = E(X2)− E(X)2 ⇐⇒ E(X2) = V (X) + E(X)2 = σ2 +m2.

❚♦✉❥♦✉rs ❞✬❛♣rès ❧❡ ❝♦✉rs s✉r ❧❡s ✈❛r✐❛❜❧❡s à ❞❡♥s✐té✱ ❧✬❡①✐st❡♥❝❡ ♠ê♠❡ ❞❡ ❝❡ ♠♦♠❡♥t ❞✬♦r❞r❡ ✷

❛ss✉r❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬✐♥té❣r❛❧❡

∫ +∞

−∞

t2φ(t)dt✱ q✉✐ ✈❛✉t ❛✐♥s✐ σ2 +m2✳

❜✮ ▲❛ ❢♦♥❝t✐♦♥ ϕ ❡st str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ s✉r R✱ ❞♦♥❝ h ◦ φ ❡st ❜✐❡♥ ❞é✜♥✐❡ s✉r R✱ ❡t ✿

∀t ∈ R, h ◦ φ(t) = φ(t) · ln
(

φ(t)
)

=
1

σ
√
2π

e−
(t−m)2

2σ2 ×
(

− ln(σ)− 1

2
ln(2π)− (t−m)2

2σ2

)

= −1

2
ln(2πσ2)φ(t)− (t−m)2

2σ2
φ(t)

▲✬✐♥té❣r❛❧❡

∫ +∞

−∞

φ(t)dt ❡st ✭❛❜s♦❧✉♠❡♥t✮ ❝♦♥✈❡r❣❡♥t❡ ❡t ✈❛✉t ✶✳ ▲✬✐♥té❣r❛❧❡

∫ +∞

−∞

(t −m)2φ(t)dt

❡st ❛✉ss✐ ✭❛❜s♦❧✉♠❡♥t✮ ❝♦♥✈❡r❣❡♥t❡ ❡t é❣❛❧❡✱ ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ tr❛♥s❢❡rt✱ à E
(

(X −m)2
)

q✉✐
❡st ❡♥ ❢❛✐t é❣❛❧❡ ♣❛r ❞é✜♥✐t✐♦♥ à V (X) = σ2✳

P❛r ❝♦♥séq✉❡♥t✱ ❧✬✐♥té❣r❛❧❡

∫ +∞

−∞

h◦φ(t)dt ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡ ❀X ❛❞♠❡t ❞♦♥❝ ✉♥❡ ❡♥tr♦♣✐❡

q✉✐ ✈❛✉t ✿

H(X) = −
∫ +∞

−∞

h ◦ φ(t)dt = 1

2
ln(2πσ2)

∫ +∞

−∞

φ(t)dt− 1

2σ2

∫ +∞

−∞

(t−m)2φ(t)dt

=
1

2
ln(2πσ2)× 1 +

1

2σ2
× σ2 =

1 + ln(2πσ2)

2
.

✶✶ ➞


