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P❛rt✐❡ ✶

✶✳ P❛r ❝♦♥✈❡①✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ exp s✉r R✱ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ t❛♥❣❡♥t❡ ❡♥ 0 ❞♦♥♥❡ ✿ ∀t ∈ R, et ⩾ 1 + t ✳

❊♥ ❝♦♠♣♦s❛♥t ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ln ✭♣♦✉r✈✉ q✉❡ 1+t > 0 ❞♦♥❝ t > −1✮✱ ♦♥ ♦❜t✐❡♥t ✐♠♠é❞✐❛t❡♠❡♥t ✿ ∀t > −1, ln(1 + t) ⩽ t ✳

✷✳ ✭❛✮ ▲❛ ❢♦♥❝t✐♦♥ f ❡st ❞❡ ❝❧❛ss❡ C1 s✉r [0, 1] ❝♦♠♠❡ ♣r♦❞✉✐t ❡t s♦♠♠❡ ❞❡ ❢♦♥❝t✐♦♥s q✉✐ ❧❡ s♦♥t✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t ré❡❧
t ∈ [0, 1]✱ ♦♥ ❛ ✿

f ′(t) = 1e−t + (1 + t)(−e−t)− 1 = −te−t − 1 < 0

❞♦♥❝ f ❡st str✐❝t❡♠❡♥t ❞é❝r♦✐ss❛♥t❡ s✉r [0, 1] ✳ ❖r ✿

f(0) = (1 + 0)e−0 − 0 = 1 > 0 ❡t f(1) = (1 + 1)e−1 − 1 =
2

e
− 1 =

2− e

e
< 0

♣✉✐sq✉❡ e > 2✳ ▲❛ ❢♦♥❝t✐♦♥ f ❡st ❝♦♥t✐♥✉❡ ❡t str✐❝t❡♠❡♥t ❞é❝r♦✐ss❛♥t❡ s✉r [0, 1] ❞♦♥❝ ❡❧❧❡ ét❛❜❧✐t ✉♥❡ ❜✐❥❡❝t✐♦♥

❞❡ [0, 1] ❞❛♥s [f(1), f(0)] =
[
2e−1 − 1, 1

]
✳ ❈♦♠♠❡ f(1) < 0 < f(0) ❛❧♦rs ✿ ∃!α ∈ ]0, 1[ / f(α) = 0 ❡t ❧❛ str✐❝t❡

❞é❝r♦✐ss❛♥❝❡ ❛ss✉r❡ q✉❡ ✿ f(t) > 0 ⇐⇒ t < α ✳

✭❜✮ ❈❛❧❝✉❧ ❛♣♣r♦❝❤é ❞❡ α ♣❛r ❞✐❝❤♦t♦♠✐❡ ♦✉ ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡✱ ❞❛♥s ❧❡s ❞❡✉① ❝❛s ❧❡ ré❡❧ ❝♦♥t❡♥✉ ❞❛♥s ❛ ❡st ✉♥❡
✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ α à 10−3 ♣rès✱ ♣❛r ❞é❢❛✉t ❞❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s ❡t ♣❛r ❡①❝ès ❞❛♥s ❧❡ s❡❝♦♥❞ ✿

✶ ❞❡❢ ❢ ✭ t ✮ ✿
✷ r❡t✉r♥ ✭✶✰t ✮✯♥♣ ✳ ❡①♣✭❂t✮❂t
✸ ★ ❞✐❝❤♦t♦♠✐❡ ✭ ✐♥❞é♣❡♥❞❛♥t ❞✉ s❡♥s ❞❡ ✈ ❛ r ✐ ❛ t ✐ ♦♥ ❞❡ ❢ ✮
✹ ❛❂✵ ❀ ❜❂✶ ❀ ❡♣s❂✶❡❂✸
✺ ✇❤✐❧❡ ❛❜s ✭ ❛❂❜✮❃❡♣s ✿
✻ ❝❂✭❛✰❜✮✴✷
✼ ✐ ❢ ❢ ✭ ❛ ✮✯ ❢ ✭ ❝✮❃✵ ✿ ❛❂❝
✽ ❡❧s❡ ✿ ❜❂❝
✾ ★ ✐ t é r ❛ t ✐ ❢ ✭ t ✐ ❡ ♥ t ❝♦♠♣t❡ ❞✉ s❡♥s ❞❡ ✈ ❛ r ✐ ❛ t ✐ ♦♥ ❞❡ ❢ ✮

✶✵ ❛❂✵ ❀ ❡♣s❂✶❡❂✸
✶✶ ✇❤✐❧❡ ❢ ✭ ❛✮❃✵ ✿
✶✷ ❛❂❛✰❡♣s

✭❝✮ ➱t✉❞✐♦♥s ❧❛ ❢♦♥❝t✐♦♥ g : t 7→ 1 + 2t− et s✉r [0, 1]✳ ❊❧❧❡ ② ❡st ❜✐❡♥ ❞❡ ❝❧❛ss❡ C1 ❡t ♦♥ ❛ ✿

g′(t) = 2− et > 0 ⇐⇒ et < 2 ⇐⇒ t < ln(2)

❆✐♥s✐✱ g ❡st ❝r♦✐ss❛♥t❡ s✉r [0, ln(2)] ❡t ❞é❝r♦✐ss❛♥t❡ s✉r [ln(2), 1]✳ ❈♦♠♠❡ g(0) = 0 ⩾ 0 ❡t ❝♦♠♠❡ g(1) = 3− e > 0✱

♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ g ❡st ♣♦s✐t✐✈❡ s✉r [0, 1] ❞♦♥❝ ✿ ∀t ∈ [0, 1] , et ⩽ 1 + 2t ✳
❆❧♦rs ✿

e
1√
2 ⩽ 1 + 2

1√
2
= 1 +

√
2 ⇐⇒ e

− 1√
2 ⩾

1

1 +
√
2

f

(
1√
2

)

=

(

1 +
1√
2

)

e
− 1√

2 − 1√
2
⩾

1 +
√
2√

2
× 1

1 +
√
2
− 1√

2
= 0 = f(α)

P❛r ❞é❝r♦✐ss❛♥❝❡ ❞❡ f ✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ α ⩾
1√
2
✳

✸✳ ✭❛✮ ❖♥ r❡♠❛rq✉❡ q✉❡
pi

i!
=

p

i
× pi−1

(i− 1)!
♣♦✉r t♦✉t i ∈ N

∗✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ ✿

✶ ❞❡❢ ♠✐♥✐♠✉♠✭① ✱ ♣✮ ✿
✷ ✐❂✵ ❀ ✉❂♥♣ ✳ ❡①♣✭❂♣✮ ❀ ❙❂✉
✸ ✇❤✐❧❡ ①❃❙ ✿
✹ ✐❂✐✰✶ ❀ ✉❂♣✴ ✐ ✯✉ ❀ ❙❂❙✰✉
✺ r❡t✉r♥ ✐

❙✐♠✉❧❛t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ Y ✿

✶ ❞❡❢ s✐♠✉❧❨ ✭♣✮ ✿
✷ r❡t✉r♥ ♠✐♥✐♠✉♠✭ r❞ ✳ r❛♥❞♦♠ ✭ ✮ ✱ ♣ ✮

✭❜✮ P❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ Y ✱ ♦♥ ❛ ✿ Y (Ω) ⊂ N✳ P♦✉r k ∈ N
∗✱ ♦♥ ❛ ❛❧♦rs ✿

[Y = k] =

[
k−1∑

i=0

pi

i!
e−p < U ⩽

k∑

i=0

pi

i!
e−p

]

♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺ ✶ ✴ ✶✶ ▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s
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❈♦♠♠❡ P (U ⩽ x) = FU (x) = x ❧♦rsq✉❡ 0 ⩽ x < 1✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ✿

P (Y = k) = P

(

U ⩽

k∑

i=0

pi

i!
e−p

)

− P

(

U ⩽

k−1∑

i=0

pi

i!
e−p

)

=
k∑

i=0

pi

i!
e−p −

k−1∑

i=0

pi

i!
e−p =

pk

k!
e−p

❡t ❧♦rsq✉❡ k = 0 ✿

[Y = 0] =
[
U ⩽ e−p

]
❞♦♥❝ P (Y = 0) = P

(
U ⩽ e−p

)
= e−p =

p0

0!
e−p

❆✐♥s✐ ✿ Y (Ω) = N ❡t P (Y = k) =
pk

k!
e−p ♣♦✉r t♦✉t k ∈ N ❞♦♥❝ Y →֒ P(p) ✳

✭❝✮ ❙♦✐t k ⩾ 2✳ ❆❧♦rs ✿

[Y = k] =

[
k−1∑

i=0

pi

i!
e−p < U ⩽

k∑

i=0

pi

i!
e−p

]

⊂
[

1∑

i=0

pi

i!
e−p < U

]

❖r ✿
1∑

i=0

pi

i!
e−p = e−p (1 + p) = f(p) + p = β + p

❞♦♥❝ ✿
[Y = k] ⊂ [U > β + p] ⊂

[
1[β<U⩽β+p] = 0

]

❈♦♥❝❧✉s✐♦♥ ✿ ∀k ⩾ 2, [Y = k] ⊂ [X = 0] ✳

❖♥ ❡♥ ❞é❞✉✐t q✉❡ ✿ [X = 0] ∩ [Y = k] = [Y = k] ❞♦♥❝ ✿ ∀k ⩾ 2, P ([X = 0] ∩ [Y = k]) =
pk

k!
e−p ✳

✭❞✮ ❖♥ ❛ ✿

[X = 0] ∩ [Y = 1] = [β < U ⩽ β + p] ∩
[

0∑

i=0

pi

i!
e−p < U ⩽

1∑

i=0

pi

i!
e−p

]

= [β < U ⩽ β + p] ∩
[
e−p < U ⩽ β + p

]

❞♦♥❝ ✿ [X = 0] ∩ [Y = 1] = ∅ ✳

❆❧♦rs✱ ♣❛r ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés t♦t❛❧❡s ❛✈❡❝ ❧❡ s②stè♠❡ ❝♦♠♣❧❡t ([X = 0] , [X = 1]) ✿

P (Y = 1) = P ([X = 0] ∩ [Y = 1]) + P ([X = 1] ∩ [Y = 1]) = P ([X = 1] ∩ [Y = 1])

❞♦♥❝ ✿ P ([X = 1] ∩ [Y = 1]) = pe−p ✳

P❛r ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés t♦t❛❧❡s ❛✈❡❝ ❧❡ s②stè♠❡ ❝♦♠♣❧❡t ([Y = k])k∈N
✿

P (X = 0) =

+∞∑

k=0

P ([X = 0] ∩ [Y = k]) = P ([X = 0] ∩ [Y = 0]) +

+∞∑

k=2

P (Y = k)

1− [(β + p)− β] = P ([X = 0] ∩ [Y = 0]) + 1− P (Y ⩽ 1) = P ([X = 0] ∩ [Y = 0]) + 1−
[
(1 + p)e−p

]

1− p = P ([X = 0] ∩ [Y = 0]) + 1− (β + p)

❞♦♥❝ ✿ P ([X = 0] ∩ [Y = 0]) = β ✳

➚ ♥♦✉✈❡❛✉ ♣❛r ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés t♦t❛❧❡s ❛✈❡❝ ❧❡ s②stè♠❡ ❝♦♠♣❧❡t ([X = 0] , [X = 1]) ✿

P (Y = 0) = P ([X = 0] ∩ [Y = 0]) + P ([X = 1] ∩ [Y = 0])

e−p = β + P ([X = 1] ∩ [Y = 0]) = (1 + p) e−p − p+ P ([X = 1] ∩ [Y = 0])

❞♦♥❝ ✿ P ([X = 1] ∩ [Y = 0]) = p(1− e−p) ✳

✭❡✮ ❚♦✉❥♦✉rs ♣❛r ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés t♦t❛❧❡s ❛✈❡❝ ❧❡ s②stè♠❡ ❝♦♠♣❧❡t ([X = 0] , [X = 1]) ✿

P (X ̸= Y ) = P ([X = 0] ∩ [Y ̸= X]) + P ([X = 1] ∩ [Y ̸= X]) = P (Y ⩾ 2) + P ([X = 1] ∩ [Y = 0])

=
[
1− (1 + p) e−p

]
+ p

(
1− e−p

)
= 1 + p− (1 + 2p)e−p

❈♦♠♠❡ e−p
⩾ 1− p ❛❧♦rs −(1 + 2p)e−p

⩾ (p− 1)(1 + 2p) ❞♦♥❝ ✿

P (X ̸= Y ) ⩽ 1 + p+ (p− 1)(1 + 2p) = 1 + p+ p+ 2p2 − 1− 2p

❈♦♥❝❧✉s✐♦♥ ✿ P (X ̸= Y ) ⩽ 2p2 ✳

▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s ✷ ✴ ✶✶ ♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺
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✹✳ ✭❛✮ P❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ T ✱ ❧✬é✈é♥❡♠❡♥t [T ⩾ 1] ❡st ré❛❧✐sé s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧✬✉♥❡ ❛✉ ♠♦✐♥s ❞❡s
✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s 1Bi

♣r❡♥❞ ❧❛ ✈❛❧❡✉r 1 ❞♦♥❝ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧✬✉♥ ❛✉ ♠♦✐♥s ❞❡s é✈é♥❡♠❡♥ts Bi ❡st ré❛❧✐sé✳
❆✐♥s✐ ✿

[T ⩾ 1] =

k⋃

i=1

Bi ❞♦♥❝ P (T ⩾ 1) = P

(
k⋃

i=1

Bi

)

✭❜✮ ■♥é❣❛❧✐té ❞❡ ▼❛r❦♦✈ ✿ ∀ε > 0, P (T ⩾ ε) ⩽
E(T )

ε
❧♦rsq✉❡ T (Ω) ⊂ R+ ❡t T ❛❞♠❡t ✉♥❡ ❡s♣ér❛♥❝❡✳

■❝✐✱ T (Ω) ⊂ J0, nK ⊂ R+ ❡t T ❛❞♠❡t ✉♥❡ ❡s♣ér❛♥❝❡ ♣❛r ❧✐♥é❛r✐té ❡t ✿

E(T ) =

k∑

i=1

E(1Bi
) =

k∑

i=1

P (Bi)

❖♥ ❛♣♣❧✐q✉❡ ❧✬✐♥é❣❛❧✐té ❞❡ ▼❛r❦♦✈ ❛✈❡❝ ε = 1 > 0 ❝❡ q✉✐ ❞♦♥♥❡ ❞✐r❡❝t❡♠❡♥t ❧✬✐♥é❣❛❧✐té ❞❡♠❛♥❞é❡✳

❈♦♥❝❧✉s✐♦♥ ✿ ∀k ∈ N
∗, ∀ (B1, . . . , Bk) ∈ Ak, P

(
k⋃

i=1

Bi

)

⩽

k∑

i=1

P (Bi) ✳

✺✳ ✭❛✮ ❙♦✐t k ∈ N✳ P❛r ✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡ ✿

0 ⩽ |P (X = k)− P (Y = k)| ⩽ P (X = k) + P (Y = k)

P❛r ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ sér✐❡s ❝♦♥✈❡r❣❡♥t❡s✱ ❧❛ sér✐❡
∑

k⩾0

[P (X = k) + P (Y = k)] ❡st ❝♦♥✈❡r❣❡♥t❡✳ P❛r t❤é♦rè♠❡

❞❡ ❝♦♠♣❛r❛✐s♦♥✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ sér✐❡
∑

k⩾0

|P (X = k)− P (Y = k)| ❡st ❝♦♥✈❡r❣❡♥t❡ ✳

✭❜✮ ❙♦✐t k ∈ N t❡❧ q✉❡ P (X = k) ⩾ P (Y = k)✳ ❆❧♦rs ✿

|P (X = k)− P (Y = k)| = P (X = k)− P (Y = k)

= P ([X = k] ∩ [Y ̸= k]) + P ([X = k] ∩ [Y = k])− P (Y = k)
︸ ︷︷ ︸

⩽0

❞♦♥❝ P (X = k) ⩾ P (Y = k) =⇒ |P (X = k)− P (Y = k)| ⩽ P ([X = k] ∩ [Y ̸= k]) ✳

✭❝✮ ❙♦✐t k ∈ N✳ ❉❡ ♠ê♠❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t ✭♦♥ r❡♥✈❡rs❡ ❧❡s rô❧❡s ❞❡ X ❡t Y ✮ ✿

P (Y = k) ⩾ P (X = k) =⇒ |P (X = k)− P (Y = k)| ⩽ P ([X ̸= k] ∩ [Y = k])

❆✐♥s✐✱ ❞❛♥s ❧❡s ❞❡✉① ❝❛s ✿ |P (X = k)− P (Y = k)| ⩽ P ([X = k] ∩ [Y ̸= k]) + P ([X ̸= k] ∩ [Y = k]) ✳

✭❞✮ ❙♦✐t n ⩾ 0✳ ❆❧♦rs ✿

n∑

k=0

|P (X = k)− P (Y = k)| ⩽
n∑

k=1

P ([X = k] ∩ [Y ̸= k]) +

n∑

k=1

P ([X ̸= k] ∩ [Y = k])

⩽

n∑

k=1

P ([X = k] ∩ [Y ̸= X]) +

n∑

k=1

P ([X ̸= Y ] ∩ [Y = k])

❖r✱ ♣❛r ❢♦r♠✉❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés t♦t❛❧❡s ❛✈❡❝ ❧❡ s②stè♠❡ ❝♦♠♣❧❡t ([X = k])k∈N
✭♣✉✐s ([Y = k])k∈N

✮✱ ♦♥ ♦❜t✐❡♥t ✿

P (X ̸= Y ) =
+∞∑

k=0

P ([X = k] ∩ [Y ̸= X]) ⩾
n∑

k=1

P ([X = k] ∩ [Y ̸= k])

❡t ✿

P (X ̸= Y ) =

+∞∑

k=0

P ([X ̸= Y ] ∩ [Y = k]) ⩾

n∑

k=1

P ([X ̸= Y ] ∩ [Y = k])

❞♦♥❝ ✿
n∑

k=0

|P (X = k)− P (Y = k)| ⩽ P (X ̸= Y ) + P (X ̸= Y ) = 2d(X,Y )

P❛r ♣❛ss❛❣❡ à ❧❛ ❧✐♠✐t❡ ❧♦rsq✉❡ n → +∞ ✭✐❧ ② ❛ ❜✐❡♥ ❝♦♥✈❡r❣❡♥❝❡✮✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ δ(X,Y ) ⩽ 2d(X,Y ) ⩽ 2

✭♣✉✐sq✉❡ d(X,Y ) = P (X ̸= Y ) ⩽ 1✮✳

♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺ ✸ ✴ ✶✶ ▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s



❈♦rr✐❣é ❆❧❛✐♥ ●✉✐❝❤❡t ❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺

P❛rt✐❡ ✷

✻✳ ❙✉♣♣♦s♦♥s ❧✬❡①✐st❡♥❝❡ ❞❡ ki ∈ J1, nK t❡❧ q✉❡ pi ⩾ α✳ ❉✬❛♣rès ❧❛ q✉❡st✐♦♥ ✷❝✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ✿

p2i ⩾ α2
⩾

1

2
❞♦♥❝ 4

n∑

k=1

p2k ⩾ 4p2i ⩾ 2 ⩾ δ(SnTn)

✭❣râ❝❡ à ❞♦♥❝ ❧❛ q✉❡st✐♦♥ ✺❞✮ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥❝❧✉r❡ ✿ ▲✬✐♥é❣❛❧✐té (LC) ❡st ✈ér✐✜é❡ ❞❛♥s ❝❡ ❝❛s ✳

✼✳ ▲❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s U1, . . . , Un s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t ❝❤❛q✉❡ Xi ✭r❡s♣❡❝t✐✈❡♠❡♥t Yi✮ ❡st ❝♦♥str✉✐t❡ ❡①❝❧✉s✐✈❡♠❡♥t

à ♣❛rt✐r ❞❡ Ui ❞♦♥❝ X1, . . . , Xn ✭r❡s♣❡❝t✐✈❡♠❡♥t Y1, . . . , Yn✮ s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❧✳
P♦✉r êtr❡ ✉♥ ♣❡✉ ♣❧✉s ♣ré❝✐s ✿

[Xi = 1] = [βi < Ui ⩽ βi + pi]

❞♦♥❝ ❧❡s é✈é♥❡♠❡♥ts [Xi = 1] s♦♥t ✐♥❞é♣❡♥❞❛♥ts ❡t ✐❧ ❡♥ ✈❛ ❞❡ ♠ê♠❡ s✐ ♦♥ r❡♠♣❧❛❝❡ ❝❡rt❛✐♥s ❞❡ ❝❡s é✈é♥❡♠❡♥t ♣❛r ❧❡✉r
❝♦♥tr❛✐r❡ q✉✐ ❡st [Xi = 0]✳ ❆✐♥s✐✱ ❧❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s X1, . . . , Xn s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ♣✉✐sq✉❡ ❧✬♦♥ ❛ tr❛✐té t♦✉t❡s ❧❡s
✈❛❧❡✉rs ♣♦ss✐❜❧❡s ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s Xi✳ ▲❡ r❛✐s♦♥♥❡♠❡♥t ✜♥❛❧ ❡st ✉♥ ♣❡✉ ♣❧✉s s♦♣❤✐st✐q✉é ♣♦✉r ❧❡s Yi q✉✐ ♣r❡♥♥❡♥t
✉♥❡ ✐♥✜♥✐té ❞❡ ✈❛❧❡✉rs✳

✽✳ ❖♥ ❛ ✿ Yk →֒ P(pk) ❞✬❛♣rès ❧❛ ♣❛rt✐❡ ✶ ✭♣✉✐sq✉❡ pk < α✮✳ P❛r ✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s Yk ❡t st❛❜✐❧✐té ❞❡s ❧♦✐s ❞❡ P♦✐ss♦♥ ♣❛r

❧❛ s♦♠♠❡ ❞❛♥s ❝❡ ❝❛s✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ✿ Tn = Y1 + · · ·+ Yn →֒ P(p1 + · · ·+ pn) = P(λ) ✳

❉❛♥s ❧❡ ❝❛s ♦ù pk = λ/n ♣♦✉r t♦✉t k✱ ♦♥ ❛ ✿ P (Xk = 1) = P (βk < Uk ⩽ βk + pk) = pk ❞♦♥❝ Xk →֒ B(1, λ/n)✳ P❛r
t❤é♦rè♠❡ ❞❡ st❛❜✐❧✐té ♣❛r ❧❛ s♦♠♠❡ ❞❡s ❧♦✐s ❜✐♥♦♠✐❛❧❡ à ♣❛r❛♠ètr❡ p é❣❛❧ ❡t ♣✉✐sq✉❡ ❧❡s Xk s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s✱ ♦♥
❝♦♥❝❧✉t q✉❡ ✿ Sn →֒ B(n, λ/n) ✳
❉✬❛♣rès ❧❡ ❝♦✉rs✱ ♦♥ s❛✐t q✉❡ ❞❛♥s ❝❡ ❝❛s✱ ♦♥ ❛ ✿ (Sn)n∈N∗ ❝♦♥✈❡r❣❡ ❡♥ ❧♦✐ ✈❡rs ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❞❡ ❧♦✐ ❞❡ P♦✐ss♦♥
❞❡ ♣❛r❛♠ètr❡ λ✳
❘❡♠❛rq✉❡ ✿ ▲❡ ♣r♦❜❧è♠❡ ❡st q✉❡ λ ❞é♣❡♥❞ ❞❡ n✱ ✐❧ ♥❡ ♣❡✉t ✜①é s❛♥s ❝❤❛♥❣❡r ❧❛ ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s p1, . . . , pn ❧♦rsq✉❡
q✉✬♦♥ ❢❛✐t ✈❛r✐❡r n ✳✳✳ ❖✉ ❛❧♦rs ✐❧ ❢❛✉t ❝♦♠♣r❡♥❞r❡ q✉❡ ❧❡s pk s♦♥t t♦✉s é❣❛✉① à p ✭♣♦✉r t♦✉t k✮ ♠❛✐s ❛❧♦rs Sn →֒ B(n, p)
❡t ❞❛♥s ❝❡ ❝❛s ✐❧ ♥✬② ❛ ♣❛s ❝♦♥✈❡r❣❡♥❝❡ ❡♥ ❧♦✐ ❞❡ ❧❛ s✉✐t❡ ✳✳✳

✾✳ ✭❛✮ ❙♦✐t n ∈ N
∗✳ ■❧ ❡st é✈✐❞❡♥t q✉❡

n⋂

k=1

[Xk = Yk] ⊂
[

Sn =
n∑

k=1

Xk =
n∑

k=1

Yk = Tn

]

✳

P❛r ♣❛ss❛❣❡ ❛✉① é✈é♥❡♠❡♥ts ❝♦♥tr❛✐r❡s✱ ♦♥ ❝♦♥❝❧✉t ✿ [Sn ̸= Tn] ⊂
n⋃

k=1

[Xk ̸= Yk] ✳

✭❜✮ ❙♦✐t n ∈ N
∗✳ ❖♥ ❛♣♣❧✐q✉❡ ❧❡s q✉❡st✐♦♥s ✺❞ ♣✉✐s ♣✉✐s ✾❛ ♣✉✐s ✹❜ ❡t ❡♥✜♥ ✸❡ ✿

δ(Sn, Yn) ⩽ 2d(Xn, Yn) = 2P (Sn ̸= Tn) ⩽ 2P

(
n⋃

k=1

[Xk ̸= Yk]

)

⩽ 2

n∑

k=1

P (Xk ̸= Yk) ⩽ 2

n∑

k=1

2p2k

❈♦♥❝❧✉s✐♦♥ ✿ ∀n ∈ N
∗, δ(Sn, Yn) ⩽ 4

n∑

k=1

p2k

✶✵✳ ❙♦✐t n ∈ N
∗✳ ❖♥ s✉♣♣♦s❡ q✉❡ pk = λ/n✳ ❉✬❛♣rès ❧❛ q✉❡st✐♦♥ ✽ ✿ Sn →֒ B(n, λ/n) ❡t Tn →֒ P(λ) ❞♦♥❝ ✿

n∑

k=0

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣
=

n∑

k=0

|P (Sn = k)− P (Tn = k)| ⩽
+∞∑

k=0

|P (Sn = k)− P (Tn = k)|

♣✉✐sq✉❡
+∞∑

k=n+1

|P (Sn = k)− P (Tn = k)| =
+∞∑

k=n+1

P (Tn = k) ❡st ❜✐❡♥ ✉♥❡ s♦♠♠❡ ❞✬✉♥❡ sér✐❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❆❧♦rs ✿

n∑

k=0

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣
⩽ δ(Sn, Tn) ⩽ 4

n∑

k=1

p2k = 4

n∑

k=1

λ2

n2

❈♦♥❝❧✉s✐♦♥ ✿ ∀n ∈ N
∗,

n∑

k=0

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣
⩽

4λ2

n
✳

✶✶✳ ✭❛✮ ❙♦✐t k ∈ N✳ ❉❛♥s ❝❡tt❡ s✐t✉❛t✐♦♥ ✿ pi =
1

n+ i
❞♦♥❝ Tn →֒ P(sn) ❞✬♦ù ✿

∣
∣
∣
∣
P (Sn = k)− skn

k!
e−sn

∣
∣
∣
∣
= |P (Sn = k)− P (Tn = k)| ⩽ δ(Sn, Tn) ⩽ 4

n∑

k=1

1

(n+ k)2
⩽ 4

n∑

k=1

1

n2

❈♦♥❝❧✉s✐♦♥ ✿ ∀k ∈ N,

∣
∣
∣
∣
P (Sn = k)− skn

k!
e−sn

∣
∣
∣
∣
⩽

4

n
✳

▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s ✹ ✴ ✶✶ ♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺



❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺ ❆❧❛✐♥ ●✉✐❝❤❡t ❈♦rr✐❣é

✭❜✮ ❙♦✐t k ∈ J0, nK✳ P❛r ❞é❝r♦✐ss❛♥❝❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ t 7→ 1

n+ t
s✉r [k, k + 1]✱ ♦♥ ❛ ✿

∀t ∈ [k, k + 1] ,
1

n+ k + 1
⩽

1

n+ t
⩽

1

n+ k

❞♦♥❝ ✿
1

n+ k + 1
=

∫ k+1

k

1

n+ k + 1
dt ⩽

∫ k+1

k

1

n+ t
dt ⩽

∫ k+1

k

1

n+ k
dt =

1

n+ k

❞♦♥❝ ♣♦✉r k ⩾ 1 ❡t ❡♥ r❡♠♣❧❛ç❛♥t k ♣❛r k − 1 ✿

1

n+ k
⩽

∫ k+1

k−1

1

n+ t
dt ⩽

1

n+ k − 1

❈♦♥❝❧✉s✐♦♥ ✿ ∀k ∈ J1, nK,

∫ k+1

k

1

n+ t
dt ⩽

1

n+ k
⩽

∫ k

k−1

1

n+ t
dt ✳

✭❝✮ P❛r s♦♠♠❛t✐♦♥ ❞❡ ❝❡tt❡ ❞♦✉❜❧❡ ✐♥é❣❛❧✐té ♣♦✉r t♦✉t k ∈ J1, nK✱ ♦♥ ♦❜t✐❡♥t ❛✈❡❝ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❈❤❛s❧❡s ✿
∫ n+1

1

1

n+ t
dt ⩽ sn ⩽

∫ n

0

1

n+ t
dt

❖♥ ❝❛❧❝✉❧❡ ❧❡s ✐♥té❣r❛❧❡ ❛✈❡❝ ❧❛ ♣r✐♠✐t✐✈❡ t 7→ ln(n+ t) ✿

ln(2n+ 1)− ln(n+ 1) ⩽ sn ⩽ ln(2n)− ln(n)

ln

(

2− 1

n+ 1

)

⩽ sn ⩽ ln(2)

❡t ♣❛r t❤é♦rè♠❡ ❞✬❡♥❝❛❞r❡♠❡♥t✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ lim
n→+∞

sn = ln(2) ✳

✭❞✮ ▲❡s q✉❡st✐♦♥s ✶✶❝ ❡t ✶✶❛ ❞♦♥♥❡♥t ❛❧♦rs ♣♦✉r t♦✉t k ∈ N ✿

0 ⩽ lim
n→+∞

∣
∣
∣
∣
∣
P (Sn = k)− (ln(2))

k

k!
e− ln(2)

∣
∣
∣
∣
∣
= lim

n→+∞

∣
∣
∣
∣
P (Sn = k)− skn

k!
e−sn

∣
∣
∣
∣
⩽ lim

n→+∞

4

n
= 0

❆✐♥s✐ ✿ ∀k ∈ N, lim
n→+∞

Sn = k =
(ln(2))

k

k!
e− ln(2) = P (S = k) ❛✈❡❝ S →֒ P(ln(2))✳

❈♦♥❝❧✉s✐♦♥ ✿ ▲❛ s✉✐t❡ (Sn)n⩾2 ❝♦♥✈❡r❣❡ ❡♥ ❧♦✐ ✈❡rs ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ S t❡❧❧❡ q✉❡ S →֒ P(ln(2)) ✳

P❛rt✐❡ ✸

✶✷✳ P❛r q✉♦t✐❡♥t ❞❡ ❢♦♥❝t✐♦♥s ✉s✉❡❧❧❡s✱ ❧❛ ❢♦♥❝t✐♦♥ h ❡st ❞❡ ❝❧❛ss❡ C1 s✉r ]0,+∞[ ❡t ♣♦✉r t♦✉t ré❡❧ x > 0 ✿

h′(x) =
exx− (ex − 1)1

x2
=

(x− 1)ex + 1

x2

❉❡ ♣❧✉s✱ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ 0✱ ❝♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥ exp ② ❛❞♠❡t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té à ❧✬♦r❞r❡ 2✱ ♦♥ ♦❜t✐❡♥t ✿

h(x) =
1 + x+ 1

2x
2 + x2ε(x)− 1

x
= 1 +

1

2
x+ xε(x)

❛✈❡❝ ε(x) → 0 ❧♦rsq✉❡ x → 0 ❞♦♥❝ h ❡st ❝♦♥t✐♥✉❡ ❡♥ 0 ❡t h ❡st ❞ér✐✈❛❜❧❡ ❡♥ 0 ❡t h′(0) =
1

2
✳ ❆✐♥s✐✱ h ❡st ❝♦♥t✐♥✉❡

❡t ❞ér✐✈❛❜❧❡ s✉r [0,+∞[✳ ❘❡st❡ à ét✉❞✐❡r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ h′ ❡st 0✳ ❚♦✉❥♦✉rs ❛✈❡❝ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ exp ❛✉
✈♦✐s✐♥❛❣❡ ❞❡ 0 à ❧✬♦r❞r❡ 2 ✿

h′(x) =
(x− 1)

(
1 + x+ 1

2x
2 + x2ε(x)

)
+ 1

x2
=

x+ x2 − 1− x− 1
2x

2 + x2ε(x) + 1

x2
=

1

2
+ ε(x) −−−→

x→0

1

2
= h′(0)

❞♦♥❝ h′ ❡st ❝♦♥t✐♥✉❡ ❡♥ 0✳ ❈♦♥❝❧✉s✐♦♥ ✿ h ❡st ❞❡ ❝❧❛ss❡ C1 s✉r [0,+∞[ ✳

✶✸✳ ✭❛✮ ▲❛ ❢♦♥❝t✐♦♥ x 7→
∫ x

0

h(t) dt ❡st ❧❛ ♣r✐♠✐t✐✈❡ ❞❡ h s✉r [0,+∞[ q✉✐ s✬❛♥♥✉❧❡ ❡♥ 0 ❞♦♥❝ ❡❧❧❡ ❡st ❞❡ ❝❧❛ss❡ C2 s✉r [0,+∞[

❡t ✐❧ ❡♥ ✈❛ ❞❡ ♠ê♠❡ ❞❡ g✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t ré❡❧ x ⩾ 0 ✿

g′(x) = −e−x

∫ x

0

h(t) dt+ e−xh(x) = −e−x

∫ x

0

h(t) dt+ e−x (h(x)− 1 + 1)

= −e−x

∫ x

0

h(t) dt+ e−x

(∫ x

0

h′(t) dt+ 1

)

❈♦♥❝❧✉s✐♦♥ ✿ ∀x ∈ [0,+∞[ , g′(x) = e−x

(

1−
∫ x

0

(h(t)− h′(t)) dt

)

✳

♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺ ✺ ✴ ✶✶ ▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s



❈♦rr✐❣é ❆❧❛✐♥ ●✉✐❝❤❡t ❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺

✭❜✮ ❉✬❛♣rès ❧❡s ❝❛❧❝✉❧s q✉✐ ♣ré❝è❞❡♥t✱ ♣♦✉r t♦✉t ré❡❧ t > 0 ✿

h(t)− h′(t) =
et − 1

t
− (t− 1)et + 1

t2
=

tet − t

t2
− (t− 1)et + 1

t2

❈♦♥❝❧✉s✐♦♥ ✿ ∀t > 0, h(t)− h′(t) =
et − 1− t

t2
✳

✭❝✮ P♦✉r t = 0✱ ♦♥ ❛ ✿ h(0)− h′(0) = 1− 1

2
=

1

2
> 0✳ P♦✉r t > 0✱ ♦♥ ❛ ✿

h(t)− h′(t) =
et − 1− t

t2
=

et − (1 + t)

t2
⩾ 0

❞✬❛♣rès ❧❛ q✉❡st✐♦♥ ✶✳ ❈♦♥❝❧✉s✐♦♥ ✿ ∀t ⩾ 0, h(t)− h′(t) ⩾ 0 ✳
❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t ré❡❧ x > 0 ✿

∫ x

0

(h(t)− h′(t)) dt =

∫ x

0

et − (1 + t)

t2
dt ⩾

1

x2

∫ x

0

(
et − 1− t

)
dt

⩾
1

x2

[

et − t− 1

2
t2
]x

0

=
ex − 1− x− 1

2x
2

x2

❖r ✿
ex − 1− x− 1

2x
2

x2
∼

x→+∞

ex

x2
−−−−−→
x→+∞

+∞

❞♦♥❝✱ ♣❛r ❝♦♠♣❛r❛✐s♦♥✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ lim
x→+∞

∫ x

0

(h(t)− h′(t)) dt = +∞ ✳

✭❞✮ ❈♦♠♠❡ t 7→ h(t) − h′(t) ❡st ♣♦s✐t✐✈❡ s✉r [0,+∞[ ❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ x 7→
∫ x

0

(h(t)− h′(t)) dt ❡st ❝r♦✐ss❛♥t❡ s✉r

[0,+∞[ ❞❡ ❧✐♠✐t❡ 0 ❡♥ 0 ❡t ❞❡ ❧✐♠✐t❡ +∞ ❡♥ +∞✳ P❛r t❤é♦rè♠❡ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s✱ ❡❧❧❡ ♣r❡♥❞ ❧❛ ✈❛❧❡✉r

❡♥ ✉♥ ré❡❧ x = γ✳ ❙✐ ❝❡ ré❡❧ γ ♥✬ét❛✐t ♣❛s ✉♥✐q✉❡ ❛❧♦rs✱ ♣❛r ♠♦♥♦t♦♥✐❡✱ ❧❛ ❢♦♥❝t✐♦♥ x 7→
∫ x

0

(h(t)− h′(t)) dt s❡r❛✐t

❝♦♥st❛♥t❡ s✉r ✉♥ s❡❣♠❡♥t [a, b] ✭❝♦♥t❡♥❛♥t γ✮ ❞♦♥❝ ❧❛ ❢♦♥❝t✐♦♥ t 7→ h(t) − h′(t) s❡r❛✐t ♥✉❧❧❡ s✉r [a, b] ❡t ❛❧♦rs
et = 1 + t s✉r [a, b] ❝❡ q✉✐ ❡st ❛❜s✉r❞❡✳
❆✐♥s✐✱ g′ ❡st ♣♦s✐t✐✈❡ s✉r [0, γ] ❡t ♥é❣❛t✐✈❡ s✉r [γ,+∞[ ✭❣râ❝❡ à ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✐♥té❣r❛❧❡✮✳ ❖♥ ❡♥ ❞é❞✉✐t
q✉❡ g ❡st ❝r♦✐ss❛♥t❡ s✉r [0, γ] ❡t ❞é❝r♦✐ss❛♥t❡ s✉r [β,+∞[✳ ❈♦♠♠❡ g ❡st ❞é❝r♦✐ss❛♥t❡ ❡t ♠✐♥♦ré❡ ♣❛r 0 ❛❧♦rs g ❛❞♠❡t
✉♥❡ ❧✐♠✐t❡ ✜♥✐❡ ℓ ⩾ 0 ❡♥ +∞✳

x 0 γ +∞

g′(x) + 0 −

g(x)

0

g(γ)

ℓ ⩾ 0

✶✹✳ ✭❛✮ ■❧ s✉✣t ❞❡ ♣r♦✉✈❡r q✉❡
1

2
t2 ⩽ et − 1− t ⩽

1

2
t2et ♣♦✉r t♦✉t t > 0 ✭❡t ♠ê♠❡ t = 0 ❞❛♥s ❝❡ ❝❛s✲❝✐✮✳ P♦✉r ❝❡❧❛✱ ♥♦✉s

❛❧❧♦♥s ét✉❞✐❡r ❧❡ s✐❣♥❡ ❞❡s ❢♦♥❝t✐♦♥ g1 : t 7→ et−1− t− 1

2
t2 ❡t g2 : t 7→ et−1− t− 1

2
t2et s✉r R+✳ P❛r ❞é✈❡❧♦♣♣❡♠❡♥t

❡♥ sér✐❡ ❞❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡✱ ♣♦✉r t♦✉t t ⩾ 0 ✿

g1(t) =

+∞∑

k=0

tk

k!
−

2∑

k=0

tk

k!
=

+∞∑

k=3

tk

k!
⩾ 0

❧❛ ❢♦♥❝t✐♦♥ g2 ❡st ❞❡ ❝❧❛ss❡ C∞ s✉r R+ ❡t ♣♦✉r t♦✉t t ⩾ 0✱ ♦♥ ❛ ✿

g′2(t) = et − 0− 1− 1

2

[
2tet + t2et

]
= et − 1− tet − 1

2
t2et

g′′2 (t) = et − 0−
[
1et + tet

]
− 1

2

[
2tet + t2et

]
= −et

[

2t+
1

2
t2
]

⩽ 0

❞♦♥❝ g′2 ❡st ❞é❝r♦✐ss❛♥t❡ s✉r R+✳ ❈♦♠♠❡ g′2(0) = 0 ❛❧♦rs g′2 ❡st ♥é❣❛t✐✈❡ s✉r R+✳ ❆❧♦rs g2 ❡st ❞é❝r♦✐ss❛♥t❡ s✉r R+

❡t ❝♦♠♠❡ g2(0) = 0 ❛❧♦rs g2 ❡st ♥é❣❛t✐✈❡ s✉r R+✳

❈♦♥❝❧✉s✐♦♥ ✿ ∀t > 0,
1

2
⩽

et − 1− t

t2
⩽

1

2
et ✳

▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s ✻ ✴ ✶✶ ♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺



❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺ ❆❧❛✐♥ ●✉✐❝❤❡t ❈♦rr✐❣é

✭❜✮ ❙♦✐t x ⩾ 0✳ ▲✬✐♥é❣❛❧✐té ♣ré❝é❞❡♥t❡ s❡ ♣r♦❧♦♥❣❡ ✓ ♣❛r ❝♦♥t✐♥✉✐té ✔ ❡♥ t = 0 ♣❛r t❤é♦rè♠❡ ❞✬❡♥❝❛❞r❡♠❡♥t✳ ❆❧♦rs✱ ♦♥
♣❡✉t ✐♥té❣r❡r ❝❡tt❡ ❞♦✉❜❧❡ ✐♥é❣❛❧✐té s✉r [0, x] ✿

1

2
x ⩽

∫ x

0

(h(t)− h′(t)) dt ⩽
1

2
(ex − 1)

❞✬♦ù ✿
3− ex

2
= 1− 1

2
(ex − 1) ⩽ 1−

∫ x

0

(h(t)− h′(t)) dt ⩽ 1− 1

2
x = 1− x

2

❡t ❡♥ ♠✉❧t✐♣❧✐❛♥t ♣❛r e−x ♦♥ ❝♦♥❝❧✉t ✿ ∀x ∈ R+, e
−x 3− ex

2
⩽ g′(x) ⩽ e−x

(

1− x

2

)

✳

✭❝✮ ❊♥ x = ln(3) ❧✬✐♥é❣❛❧✐té ❞❡ ❣❛✉❝❤❡ ❞♦♥♥❡ ✿ 0 ⩽ g′(ln(3))✳ ❊♥ x = 2✱ ❧✬✐♥é❣❛❧✐té ❞❡ ❞r♦✐t❡ ❞♦♥♥❡ ✿ g′(2) ⩽ 0✳

❆✐♥s✐ ✿ g′(2) ⩽ g′(γ) ⩽ g′(ln(3))✳ P❛r ❝♦♥t✐♥✉✐té ❞❡ g′ ❡t ✉♥✐❝✐té ❞❡ γ✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ γ ∈ [ln(3), 2] ✳

✶✺✳ ✭❛✮ ❙♦✐t n ∈ N
∗ ❡t x ∈ [0, n]✳ ❈♦♠♠❡ x ⩾ 0 ❛❧♦rs ✿

n∑

k=0

xk

k!
⩽

+∞∑

k=0

xk

k!
= ex =

n∑

k=0

xk

k!
+

+∞∑

k=n+1

xk

k!
=

n∑

k=0

xk

k!
+

xn

n!

+∞∑

k=n+1

xk−n

k × (k − 1)× · · · × (n+ 1)

❈♦♠♠❡ k ⩾ n + 1 ❛❧♦rs k × (k − 1) × · · · × (n + 1) ⩾ (n + 1)k−n ✭✐❧ ② ❛ ❜✐❡♥ k − n ❢❛❝t❡✉rs ❞❛♥s ❧❡ ♠❡♠❜r❡ ❞❡
❣❛✉❝❤❡✮ ❞♦♥❝ ✿

xk−n

k × (k − 1)× · · · × (n+ 1)
⩽

xk−n

(n+ 1)k−n
=

(
x

n+ 1

)k−n

❈♦♠♠❡ 0 ⩽ x ⩽ n < n+ 1 ❛❧♦rs 0 ⩽
x

n+ 1
< 1 ❞♦♥❝ ❧❛ sér✐❡ ❣é♦♠étr✐q✉❡ ❡st ❝♦♥✈❡r❣❡♥t❡ ❡t ❛✐♥s✐ ✿

n∑

k=0

xk

k!
⩽ ex ⩽

n∑

k=0

xk

k!
+

xn

n!

+∞∑

k=n+1

(
x

n+ 1

)k−n

❖♥ ❝❛❧❝✉❧❡ ❛❧♦rs ❧❛ s♦♠♠❡ ❞❡ ❧❛ sér✐❡ ❣é♦♠étr✐q✉❡ ✿

+∞∑

k=n+1

(
x

n+ 1

)k−n

=
x

n+ 1

+∞∑

k=n+1

(
x

n+ 1

)k−(n+1)

=
x

n+ 1

+∞∑

k=0

(
x

n+ 1

)k

=
x

n+ 1
× 1

1− x
n+1

=
x

n+ 1− x

❈♦♠♠❡ 0 ⩽ x ⩽ n ❛❧♦rs 1 ⩽ n+ 1− x ❞♦♥❝
x

n+ 1− x
⩽ x ❞✬♦ù ❧❛ ❝♦♥❝❧✉s✐♦♥ ✿

∀n ∈ N
∗, ∀x ∈ [0, n] ,

n∑

k=0

xk

k!
⩽ ex ⩽

n∑

k=0

xk

k!
+

xn

n!

+∞∑

k=n+1

(
x

n+ 1

)k−n

⩽

n∑

k=0

xk

k!
+

xn+1

n!

❚♦✉❥♦✉rs ❛✈❡❝ n ∈ N
∗ ❡t x ∈ [0, n]✱ ♦♥ ❛ ❛❧♦rs ✿

n∑

k=1

xk

k!
⩽ ex − 1 ⩽

n∑

k=1

xk

k!
+

xn+1

n!

❞♦♥❝ s✐ x ̸= 0 ✿

n∑

k=1

xk−1

k!
⩽

ex − 1

x
⩽

n∑

k=1

xk−1

k!
+

xn

n!

n∑

k=1

xk−1

k!
⩽ h(x) ⩽

n∑

k=1

xk−1

k!
+

xn

n!

❈❡tt❡ ❞❡r♥✐èr❡ ❞♦✉❜❧❡ ✐♥é❣❛❧✐té ❡st ❡♥❝♦r❡ ✈❛❧❛❜❧❡ ♣♦✉r x = 0 ✭❝❡ s♦♥t ❞❡s é❣❛❧✐tés✮✳ ❈♦♥❝❧✉s✐♦♥ ✿

∀n ∈ N
∗, ∀x ∈ [0, n] ,

n∑

k=1

xk−1

k!
⩽ h(x) ⩽

n∑

k=1

xk−1

k!
+

xn

n!

✭❜✮ ❚♦✉❥♦✉rs ❛✈❡❝ n ∈ N
∗ ❡t x ∈ [0, n]✱ ❡♥ ✐♥té❣r❛♥t ❝❡tt❡ ❞♦✉❜❧❡ ✐♥é❣❛❧✐té s✉r ❧❡ s❡❣♠❡♥t [0, x] ✿

∫ x

0

n∑

k=1

tk−1

k!
dt ⩽

∫ x

0

h(t) dt ⩽

∫ x

0

(
n∑

k=1

tk−1

k!
+

tn

n!

)

dt

❞✬♦ù ♣❛r ❧✐♥é❛r✐té ❞❡ ❧✬✐♥té❣r❛❧❡ ✿

n∑

k=1

xk

k!k
⩽

∫ x

0

h(t) dt ⩽

n∑

k=1

xk

k!k
+

xn+1

(n+ 1)!

♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺ ✼ ✴ ✶✶ ▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s



❈♦rr✐❣é ❆❧❛✐♥ ●✉✐❝❤❡t ❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺

❡t ♦♥ ♠✉❧t✐♣❧✐❡ ❡♥✜♥ ♣❛r e−x ♣♦✉r ❝♦♥❝❧✉r❡ ✿

∀n ∈ N
∗, ∀x ∈ [0, n] , e−x

(
n∑

k=1

xk

k!k

)

⩽ g(x) ⩽ e−x

(
n∑

k=1

xk

k!k

)

+ e−x xn+1

(n+ 1)!

❙♦✐t x ⩾ 0✳ ❙♦✐t n ∈ N t❡❧ q✉❡ n ⩾ x✳ ❆✐♥s✐ x ∈ [0, n] ❡t ♦♥ ♣❡✉t ❛♣♣❧✐q✉❡r ❝❡ q✉✐ ♣ré❝è❞❡✳ ❈♦♠♠❡ 0 ⩽
xk

k!k
⩽

xk

k!

♣♦✉r k ∈ N ❡t x ⩾ 0 ❛❧♦rs ❧❛ sér✐❡
∑

k⩾1

xk

k!k
❡st ❝♦♥✈❡r❣❡♥t❡ ✳ ❉❡ ♣❧✉s✱ ♣❛r ❝r♦✐ss❛♥❝❡ ❝♦♠♣❛ré❡ ✉s✉❡❧❧❡ ✭♦✉ t❡r♠❡

❣é♥ér❛❧ ❞❡ ❧❛ sér✐❡ ❡①♣♦♥❡♥t✐❡❧❧❡ q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs 0✮✱ ♦♥ ❛ ✿
xn+1

(n+ 1)!
−−−−−→
n→+∞

0✳ ❆❧♦rs✱ ♣❛r t❤é♦rè♠❡ ❞✬❡♥❝❛❞r❡♠❡♥t✱

♦♥ ❝♦♥❝❧✉t q✉❡ ✿ ∀x ⩾ 0, g(x) = e−x
+∞∑

k=1

xk

k!k
✳

✶✻✳ ❖♥ ❝❛❧❝✉❧❡ ✉♥❡ ✈❛❧❡✉r ❛♣♣r♦❝❤é❡ ❞❡ g(x) à ❧✬❛✐❞❡ ❞✬✉♥❡ s♦♠♠❡ ♣❛rt✐❡❧❧❡ ❞❡ ❧❛ sér✐❡ ♣ré❝é❞❡♥t❡ ❣râ❝❡ à ❧✬❡♥❝❛❞r❡♠❡♥t ✿

∀n ∈ N, n ⩾ x =⇒ 0 ⩽ g(x)− e−x

(
n∑

k=1

xk

k!k

)

⩽ e−x xn+1

(n+ 1)!

❈♦♠♠❡ ❧❡s ✈❛❧❡✉rs ❞❡ x s♦♥t ❧✐♠✐té❡s à ❧❛ ✈❛❧❡✉r 2✱ ❧✬❡♥t✐❡r n ✈❛✉t ❛✉ ♠♦✐♥s 2 ❞✬♦ù ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥ ♣r♦♣♦sé❡✳ ▲❡ ♣r♦❣r❛♠♠❡
❝♦♠♣❧été ❡st ❧❡ s✉✐✈❛♥t ✿♦♠♣❧ét❡r ❧❡ ♣r♦❣r❛♠♠❡ s✉✐✈❛♥t ♣♦✉r q✉✬✐❧ tr❛❝❡ ❧❛ ♣❛rt✐❡ ❞❡ ❧❛ ❝♦✉r❜❡ ❞❡ g ❝♦♠♣r✐s❡ ❡♥tr❡ ❧❡s
❛❜s❝✐ss❡s ln(3) ❡t 2✱ ❧❡s ✈❛❧❡✉rs ❞❡ g ét❛♥t ❝❛❧❝✉❧é❡s à 10−4 ♣rès ✿

✶ ❳ ❂ ♥♣ ✳ ❧ ✐ ♥ s ♣ ❛ ❝ ❡ ✭♥♣ ✳ ❧ ♦❣ ✭✸ ✮ ✱ ✷ ✱ ✶✵✵ ✮
✷ ❨ ❂ ❬ ❪
✸ ❢♦r ① ✐♥ ❳ ✿
✹ ♥ ❂ ✷ ❀ s ❂ ①✰①✯✯✷✴✹ ❀ ❞ ❂ ①✯✯✸✴✻
✺ ✇❤✐❧❡ ❞✯♥♣ ✳ ❡①♣✭❂① ✮ ❃ ✵✳✵✵✵✶ ✿
✻ ♥ ❂ ♥✰✶
✼ s ❂ s✰❞✴♥
✽ ❞ ❂ ❞✯①✴✭♥✰✶✮
✾ ❨✳ ❛♣♣❡♥❞ ✭ s ✯♥♣ ✳ ❡①♣✭❂① ✮ ✮

✶✵ ♣ ❧ t ✳ ♣ ❧ ♦ t ✭❳✱❨✮
✶✶ ♣ ❧ t ✳ ❣ r ✐ ❞ ✭ ✮
✶✷ ♣ ❧ t ✳ s❤♦✇ ✭ ✮

P❛rt✐❡ ✹

✶✼✳ ✭❛✮ ❙♦✐t n ∈ N
∗✳ ❆❧♦rs an,s ❡st ❧❛ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ é❣❛❧❡ ❛✉ ♣r❡♠✐❡r r❛♥❣ k t❡❧ q✉❡ [Xk > s] ❡st ré❛❧✐sé ♦✉ ❜✐❡♥ à n s✐

❛✉❝✉♥ ❞❡ ❝❡s é✈é♥❡♠❡♥ts ♥✬❡st ré❛❧✐sé✳ ❙♦✐t ω ∈ [Kn,s = 1]✳ ❆❧♦rs ✿

an,s(ω) = k Yn,s(ω) = Xan,s(ω)(ω) Zn(ω) = Xan,s(ω)(ω)

❞♦♥❝ ω ∈ [Yn,s = Zn]✳ P❛r ❝r♦✐ss❛♥❝❡ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ P (Yn,s = Zn) ⩾ P (Kn,s = 1) ✳

✭❜✮ ❖♥ ❛ ❧❛ ré✉♥✐♦♥ s✉✐✈❛♥t❡ ❝♦♥st✐t✉é❡ ❞✬é✈é♥❡♠❡♥ts ❞❡✉① à ❞❡✉① ✐♥❝♦♠♣❛t✐❜❧❡s ✿

[Kn,s = 1] =

n⋃

k=1



[Xk > s] ∩
⋂

i∈J1,nK\{k}

[Xi ⩽ s]





❞♦♥❝ ✿

P (Kn,s = 1) =

n∑

k=1

P



[Xk > s] ∩
⋂

i∈J1,nK\{k}

[Xi ⩽ s]





P❛r ✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s Xi ✿

P (Kn,s = 1) =

n∑

k=1



P (Xk > s)×
∏

i∈J1,nK\{k}

P (Xi ⩽ s)



 =

n∑

k=1



pk
∏

i∈J1,nK\{k}

(1− pi)





❖r✱ t♦✉❥♦✉rs ♣❛r ✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s Xi ✭♠❛✐s ❛✉ss✐ ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ Zn✮ ✿

θ = P (Zn ⩽ s) = P ([X1 ⩽ s] ∩ · · · ∩ [Xn ⩽ s]) =

n∏

i=1

(1− pi)

▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s ✽ ✴ ✶✶ ♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺



❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺ ❆❧❛✐♥ ●✉✐❝❤❡t ❈♦rr✐❣é

❞♦♥❝ ✿
P (Kn,s = 1)

θ
=

n∑

k=1

(

pk
∏

i∈J1,nK\{k} (1− pi)
∏n

i=1 (1− pi)

)

=

n∑

k=1

pk
1− pk

❈♦♥❝❧✉s✐♦♥ ✿ P (Kn,s = 1) = θ

n∑

k=1

pk
1− pk

✳

✭❝✮ ❆❧♦rs ✿

P (Yn,s = Zn) ⩾ P (Kn,s = 1) = θ

n∑

k=1

pk
1− pk

❖r ✿

ln(θ) =

n∑

k=1

ln (1− pk) ⩽

n∑

k=1

(−pk) = −
n∑

k=1

pk ⩽ −
n∑

k=1

pk
1− pk

♣✉✐sq✉❡ 1− pk ⩽ 1 ❞♦♥❝
1

1− pk
⩾ 1 ❞✬♦ù

pk
1− pk

⩾ pk ❡t ♦♥ ❡♥ ❝♦♥❝❧✉t q✉❡ ✿ P (Yn,s = Zn) ⩾ −θ ln(θ) ✳

✭❞✮ ❖♥ ❛ θ = Fn(s)✳ ❖r✱ ❧❛ ❢♦♥❝t✐♦♥ h1 : θ 7→ −θ ln(θ) ❡st ❞❡ ❝❧❛ss❡ C1 s✉r ]0, 1[ ❡t ♦♥ ❛ ✿

h′
1(θ) = − ln(θ)− 1 > 0 ⇐⇒ θ < e−1

❞♦♥❝ h1 ❡st ♠❛①✐♠❛❧❡ ❡♥ e−1 ❡t h1(e
−1) = −e−1(−1) = e−1✳ ❆❧♦rs✱ ♣♦✉r Fn(s) = θ = e−1✱ ♦♥ ❛ ✿ P (Yn,s = Zn) ⩾

e−1✳ ❈♦♠♠❡ Fn ❡st ❝♦♥t✐♥✉❡ s✉r R ❡t ❞❡ ❧✐♠✐t❡s 0 ❡♥ −∞ ❡t 1 ❡♥ +∞ ❛❧♦rs✱ ♣❛r t❤é♦rè♠❡ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s✱
❝♦♠♠❡ e−1 ∈ ]0, 1[✱ ♦♥ ❛ ✿

∃s ∈ R / Fn(s) = e−1 ❡t P (Yn,s = Zn) ⩾ e−1

✶✽✳ ✭❛✮ ❖♥ ❛ ✿

p = pk = P (Xk > s) = 1− P (Xk ⩽ s) =







0 s✐ s < 0

1− s s✐ 0 ⩽ s < 1

1 s✐ s ⩾ 1

❈♦♠♠❡ p ̸= 1 ✭❤②♣♦t❤ès❡ ❞❡ ❧❛ ♣❛rt✐❡ ✹✮ ❛❧♦rs s < 1✳ ❈♦♠♠❡ p ̸= 0 ✭❤②♣♦t❤ès❡ à ♣❛rt✐r ❞❡ ♠❛✐♥t❡♥❛♥t✮ ❛❧♦rs
s ⩾ 0✳ ❆✐♥s✐✱ p = 1− s ❞♦♥❝ s = 1− p ✳

✭❜✮ ❙✐♠✉❧❛t✐♦♥ ❞✉ ❝♦✉♣❧❡ ❛❧é❛t♦✐r❡ (ZnYn,s) ✿

✶ ❞❡❢ s ✐♠✉❧❈♦✉♣❧❡ ✭♥ ✱ ♣✮ ✿ ★ s❂✶❂♣
✷ ❨❂❂✶ ❀ ❩❂✵
✸ ❢♦r ❦ ✐♥ r❛♥❣❡ ✭✶ ✱ ♥✰✶✮ ✿
✹ ❳❂r❞ ✳ r❛♥❞♦♠ ✭ ✮
✺ ✐ ❢ ❨❂❂❂✶ ❛♥❞ ❳❃✶❂♣ ✿ ❨❂❳
✻ ✐ ❢ ❩❁❳ ✿ ❩❂❳
✼ ✐ ❢ ❨❂❂❂✶ ✿ ❨❂❳
✽ r❡t✉r♥ ❩ ✱❨

✭❝✮ ❖♥ ✉t✐❧✐s❡ ❧❛ ❢♦♥❝t✐♦♥ q✉✐ ♣ré❝è❞❡ à ❝❤❛❝✉♥❡ ❞❡s ◆ ré♣ét✐t✐♦♥s ❛✜♥ ❞✬❡st✐♠❡r r10 ♣❛r ❢réq✉❡♥❝❡ ❞❡ ré❛❧✐s❛t✐♦♥ ❞❡
❧✬é✈é♥❡♠❡♥t [Yn,s = Zn] ✿

✶ ◆❂✶✵✯✯✹ ❀ ♥❂✶✵ ❀ ♣❂✵✳✶✺ ❀ r❂✵
✷ ❢♦r ❦ ✐♥ r❛♥❣❡ ✭◆✮ ✿
✸ ❬ ❩ ✱❨❪❂ s✐♠✉❧❈♦✉♣❧❡ ✭♥ ✱ ♣✮
✹ ✐ ❢ ❩❂❂❨ ✿ r❂r✰✶
✺ r❂r ✴◆ ❀ ♣r✐♥t ✭ r ✮

✶✾✳ ✭❛✮ ❙♦✐t x ∈ R ❡t i ∈ Ij ✳ P❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♣✉✐s ♣❛r ✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡
Xh✱ ♦♥ ❛ ✿

PAj
(Xi ⩽ x) =

P

(

[Xi ⩽ x]
⋂
(
⋂

i′∈Ij
[Xi′ > s]

)
⋂
(
⋂

i′ /∈Ij
[Xi′ ⩽ s]

))

P

((
⋂

i∈Ij
[Xi > s]

)
⋂
(
⋂

i/∈Ij
[Xi ⩽ s]

))

=
P

(

[s < Xi ⩽ x]
⋂
(
⋂

i′∈Ij\{i}
[Xi′ > s]

)
⋂
(
⋂

i′ /∈Ij
[Xi′ ⩽ s]

))

P

((
⋂

i∈Ij
[Xi > s]

)
⋂
(
⋂

i/∈Ij
[Xi ⩽ s]

))

=
P (s < Xi ⩽ x)×∏i′∈Ij\{i}

P (Xi′ > s)
∏

i′ /∈Ij
P (Xi′ ⩽ s)

P (s < Xi)×
∏

i′∈Ij\{i}
P (Xi′ > s)

∏

i′ /∈Ij
P (Xi′ ⩽ s)

=
P (s < Xi ⩽ x)

P (s < Xi)

♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺ ✾ ✴ ✶✶ ▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s



❈♦rr✐❣é ❆❧❛✐♥ ●✉✐❝❤❡t ❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺

❈♦♠♠❡ p = 1− F (s)✱ ♦♥ ❝♦♥❝❧✉t q✉❡ ✿ ∀x ∈ R, ∀i ∈ Ij , PAj
(Xi ⩽ x) =







F (x)− F (s)

p
s✐ x > s

0 s✐♥♦♥
✳

❉❡ ♠ê♠❡✱ ♣♦✉r Jj ⊂ Ij ❞❡ ❝❛r❞✐♥❛❧ m ∈ J1, kK✱ ♦♥ ❛ ✿

PAj




⋂

i∈Jj

[Xi ⩽ x]



 =
P

((
⋂

i′∈Jj
[s < Xi′ ⩽ x]

)
⋂
(
⋂

i′∈Ij\Jj
[Xi′ > s]

)
⋂
(
⋂

i′ /∈Ij
[Xi′ ⩽ s]

))

P

((
⋂

i′∈Jj
[Xi′ > s]

)
⋂
(
⋂

i∈Ij\Jj
[Xi > s]

)
⋂
(
⋂

i/∈Ij
[Xi ⩽ s]

))

=
∏

i∈Jj

P (s < Xi ⩽ x)

P (s < Xi)
=
∏

i∈Jj

PAj
(Xi ⩽ x)

❈♦♥❝❧✉s✐♦♥ ✿ ▲❛ ❢❛♠✐❧❧❡ (Xi)i∈Ij
❡st ✐♥❞é♣❡♥❞❛♥t❡ ♣♦✉r ❧❛ ♣r♦❜❛❜✐❧✐té PAj

✳

✭❜✮ ❙♦✐t r ∈ Ij ✳ ❖♥ ❛ ❛❧♦rs ✿

PAj

(

Xr = max
i∈Ij

(Xi)

)

= PAj

(

max
i∈Ij\{r}

(Xi) ⩽ Xr

)

❉✬❛♣rès ❝❡ q✉✐ ♣ré❝è❞❡✱ ♣❛r ❧❡♠♠❡ ❞❡s ❝♦❛❧✐t✐♦♥s✱ max
i∈Ij\{r}

(Xi) ❡t Xr s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ♣♦✉r PAj
✳ ▲❛ q✉❡st✐♦♥

♣ré❝é❞❡♥t❡ ❞♦♥♥❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡ Xi ❞❛♥s ❧✬❡s♣❛❝❡ ♣r♦❜❛❜✐❧✐sé (Ω,A,PAj
) ❞♦♥❝ ✉♥❡ ❞❡♥s✐té✱ ♦❜t❡♥✉❡

♣❛r ❞ér✐✈❛t✐♦♥ ♣✉✐sq✉❡ ❧❡s ♣r♦♣r✐étés s♦♥t ❝♦♥s❡r✈é❡s✱ ❡st ❧❛ ❢♦♥❝t✐♦♥ ✿ x 7→







f(x)

p
s✐ x > s

0 s✐♥♦♥
✭♦♥ ❝♦♠♣❧èt❡ ♣❛r 0

❡♥ x = s✮✳ ❉❡ ♠ê♠❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡ max
i∈Ij\{r}

(Xi) ❡st ❧❛ ❢♦♥❝t✐♦♥ ✿ x 7→







(
F (x)− F (s)

p

)k−1

s✐ x > s

0 s✐♥♦♥
✳ ❆❧♦rs✱ ❧❡

t❤é♦rè♠❡ ❛❞♠✐s ❞♦♥♥❡ ✿

PAj

(

Xr = max
i∈Ij

(Xi)

)

=

∫ +∞

s

(
F (t)− F (s)

p

)k−1
f(t)

p
dt =

1

pk

∫ +∞

s

(F (t)− F (s))
k−1

f(t) dt

=
1

pk
lim

A→+∞

[

(F (t)− F (s))
k

k

]A

s

=
1

pk
lim

A→+∞

(F (A)− F (s))
k

k

❈♦♠♠❡ F (s) = 1− p ❡t ❝♦♠♠❡ F (A) −−−−−→
A→+∞

1 ❛❧♦rs ✿

PAj

(

Xr = max
i∈Ij

(Xi)

)

=
1

pk
lim

A→+∞

pk

k
=

1

k

✭❝✮ ❈♦♠♠❡ [Kn,s = k] =

(nk)⋃

i=1

Aj ✭ré✉♥✐♦♥ ❞✐s❥♦✐♥t❡✮ ❛❧♦rs ✿

P ([Yn,s = Zn] ∩ [Kn,s = k]) =

(nk)∑

j=1

P ([Yn,s = Zn] ∩Aj)

❉❡ ♣❧✉s✱ ♣♦✉r j ✜①é✱ ❞✬❛♣rès ❧❛ q✉❡st✐♦♥ ♣ré❝é❞❡♥t❡✱ ♦♥ ❛ ✿

PAj
(Yn,s = Zn) = PAj

(

Xmin(Ij) = max
i∈Ij

(Xi)

)

=
1

k

✭❞✮ ❈♦♠♠❡ [Kn,s = 0] =

n⋂

i=1

[Xi ⩽ s] ❡st ❧✬é✈é♥❡♠❡♥t A1 ❧♦rsq✉❡ k = n ❛❧♦rs ✿

[Yn,s = Zn] ∩ [Kn,s = 0] =

[

Xn = max
1⩽i⩽n

(Xi)

]

∩A1 =

[

max
1⩽i⩽n−1

(Xi) ⩽ Xn

]

∩A1

❖r✱ ❡♥ ♣r♦❝é❞❛♥t ❝♦♠♠❡ ❞❛♥s ❧❡s q✉❡st✐♦♥s ✶✾❜ ❡t ✶✾❝ ✭✐❧ ② ❛ ❡♥❝♦r❡ ✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s Xi s❛❝❤❛♥t A1✮ ✿

PA1
(Xi ⩽ x) =

P (Xi ⩽ min(x, s))

P (Xi ⩽ s)
=







F (x)

F (s)
s✐ x ⩽ s

1 s✐ x > s

▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s ✶✵ ✴ ✶✶ ♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺



❊❙❙❊❈ ❆♣♣❧✐q✉é❡s ✷ ✷✵✷✺ ❆❧❛✐♥ ●✉✐❝❤❡t ❈♦rr✐❣é

PA1

(

max
1⩽i⩽n−1

(Xi) ⩽ x

)

=







(
F (x)

F (s)

)n−1

s✐ x ⩽ s

1 s✐ x > s

PA1

(

max
1⩽i⩽n−1

(Xi) ⩽ Xn

)

=

∫ s

−∞

(
F (t)

F (s)

)n−1
f(t)

F (s)
dt =

[
1

n

(
F (t)

F (s)

)n]0

−∞

=
1

n

❞♦♥❝ ✿

P ([Yn,s = Zn] ∩ [Kn,s = 0]) = P (A1)PAj

(

Xn = max
1⩽i⩽n

(Xi)

)

= sn
1

n
=

1

n
(1− p)

n

✭❡✮ ❖♥ ❞é❞✉✐t ❞❡ ❝❡ q✉✐ ♣ré❝è❞❡ q✉❡ ✿

P ([Yn,s = Zn] ∩ [Kn,s = k]) =

(nk)∑

j=1

P (Aj)PAj
(Yn,s = Zn) =

1

k

(nk)∑

j=1

P (Aj)

=
1

k

(nk)∑

j=1

(1− s)
k
sn−k =

1

k

(
n

k

)

(1− s)
k
sn−k =

1

k

(
n

k

)

pk (1− p)
n−k

❞✬♦ù ❧✬♦♥ t✐r❡ q✉❡ ✿

rn = P (Yn,s = Zn) =

n∑

k=0

P ([Yn,s = Zn] ∩ [Kn,s = k]) =
1

n
(1− p)n +

n∑

k=1

1

k

(
n

k

)

pk (1− p)
n−k

✷✵✳ ✭❛✮ ❙♦✐t n ∈ N
∗✳ ❖♥ ❛ ✿

n∑

k=1

1

k

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣
⩽

n∑

k=1

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣

⩽

n∑

k=0

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣

▲❛ ♠❛❥♦r❛t✐♦♥ ❞❡ ❧❛ q✉❡st✐♦♥ ✶✵ ❞♦♥♥❡ ✿
n∑

k=1

1

k

∣
∣
∣
∣
∣

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

∣
∣
∣
∣
∣
⩽

4λ2

n
✳

✭❜✮ P❛r ✐♥é❣❛❧✐té tr✐❛♥❣✉❧❛✐r❡✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ✿
∣
∣
∣
∣
∣

n∑

k=0

[

1

k

(
n

k

)(
λ

n

)k (

1− λ

n

)n−k

− λk

k!
e−λ

]∣
∣
∣
∣
∣
⩽

4λ2

n

∣
∣
∣
∣
∣
rn − 1

n

(

1− λ

n

)n

− e−λ
n∑

k=1

λk

k!k

∣
∣
∣
∣
∣
⩽

4λ2

n

−4λ2

n
+

1

n

(

1− λ

n

)n

e−λ
n∑

k=1

λk

k!k
⩽ rn ⩽

4λ2

n
+

1

n

(

1− λ

n

)n

e−λ
n∑

k=1

λk

k!k

❈♦♠♠❡
4λ2

n
−−−−−→
n→+∞

0✱ ❝♦♠♠❡
1

n

(

1− λ

n

)n

−−−−−→
n→+∞

0 ❡t ❝♦♠♠❡ e−λ
n∑

k=1

λk

k!k
−−−−−→
n→+∞

e−λ
+∞∑

k=1

λk

k!k
✱ ♦♥ ❡♥ ❞é❞✉✐t

♣❛r t❤é♦rè♠❡ ❞✬❡♥❝❛❞r❡♠❡♥t q✉❡ ✿ lim
n→+∞

rn =

(
+∞∑

k=1

λk

k!k

)

e−λ ✳

✷✶✳ ❖♥ ❛ ✿ s = 1− p = 1− λ

n
✳ ❖r✱ ❞✬❛♣rès ❧❡s q✉❡st✐♦♥s ✶✺❜ ❡t ✶✸❞ ✿

rn =

(
+∞∑

k=1

λk

k!k

)

e−λ = g(λ) ⩽ g(γ)

❞♦♥❝ rn ❡st ♠❛①✐♠❛❧ ❧♦rsq✉❡ λ = γ ❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉❡ s = 1− γ

n
✳

♠✐s❡ à ❥♦✉r ✿ ✹ ♠❛✐ ✷✵✷✺ ✶✶ ✴ ✶✶ ▲P♦ ❚♦✉❝❤❛r❞✲❲❛s❤✐♥❣t♦♥✱ ▲❡ ▼❛♥s
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